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1. (a) Find [x%e"dx.
S)
1
(b) Hence find the exact value of '[0 x’e*dx.

(2)

\_ J
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u=x> :g—u=2x u=x = j—uzl
1. (a) J‘xzeX dx, 1% Application: ’ X , 2" Application: X
L _ e v=¢e" —=¢" v=¢e"
dx dx
x’e* — Iﬂ.xe*{dx}, A>0 | M1
= x’e* — Ierxdx
x’e* — J.erx{dx} Al oe
Either +Ax’e* +Bxe* + CjeX {dx}
= X% - 2(xeX —Iexdx) M1
or for iKJxex{dx} - J_rK(xeX —Jex{dx})
4 2,X + X4 X Ml
= x’e* — 2(xe* —€*) {+c} £AXe tBxe L Ce
Correct answer, with/without + ¢ | A1
[5]
{[Xzex — 2(xe" _eX)]l } Applies limits of 1 and 0 to an expression of the
(b) 0 form +Ax%e* +Bxe*+ Ce*, A=0,B =0 and | M1
= (1¢" - 2(1" —¢")) - (0%’ - 2(0e° —¢°)) C # 0 and subtracts the correct way round.
—e—2 e—2 cso | Al oe
[2]
7
Notes for Question 1
(a)
M1: Integration by parts is applied in the form x*¢* — J./?Lxex {dx} , Where 2 >0. (must be in this form).
Al:  x% —JerX{dx} or equivalent.
M1: Either achieving a result in the form +Ax’e* + Bxe* + CJ.ex {dx} (can be implied)
(where A=0,B =0 and C =0)or for inxeX {dx} — J_rK(xeX —jex {dx})
M1: +Ax’e* +Bxe*+ Ce* (where A=0,B =0 and C #0)
Al x%e* —2(xe* —e*) or x%e* —2xe* +2e* or (x* — 2x + 2)e* or equivalent with/without + c.
(b) M1: Complete method of applying limits of 1 and O to their part (a) answer in the form + Ax’e* + Bxe* + Ce*,
(where A=0,B =0 and C =0) and subtracting the correct way round.
Evidence of a proper consideration of the limit of O (as detailed above) is needed for M1.
So, just subtracting zero is MO.
Al: e-2ore —2or —2+e. Donotallow e — 2e° unless simplified to give e — 2.

Note: that 0.718... without seeing e — 2 or equivalent is AQ.
WARNING: Please note that this A1 mark is for correct solution only.

So incorrect |....... ]: leading to e — 2 is AO.

Note: If their part (a) is correct candidates can get M1Al in part (b) for e — 2 from no working.
Note: 0.718... from no working is MOAQ
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2. (a) Use the binomial expansion to show that
1+ x 1
=1+x+—=x°, |x|<1
1-x 2 (6)
. 1.
(b) Substitute x = — into
26
I+x 1
=1+ x+—=x
1-x 2
to obtain an approximation to \3
. . a .
Give your answer in the form 3 where a and b are integers.
3
. J
4

P 4 3 1 3 7 A 0 4 3 2
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1 1
2. (a) { } 1+ X) a- X) 2 @+ Xx)2(1-x) 2 Bl
1 L 1 2
:(1+£2jx+( )él )x +. J [1+[—Ej(—x)+( 2 )( X)? + J See notes | M1 A1 Al
= [1 + lx —lx2 + ...)x(l+ lx+ Ex2 + J
2 8
=1+=x+ x2+£x+—x2 X* + See notes | M1
2 8 2 4 8
Cixa Ly Answer is givenin | ,, .
the question.
(6]
1+ (& 2
(b) (o)) _ 1+(iJ+l(i) M1
1- (2—16) 26) 2\26
o 343 _ 1405 B1
5 1352
S0, \/5 = @ @ Al cao
4056 4056
[3]
9
Notes for Question 2
1 _1 _1 1
(@ Bl: (1+x)2(L—-x) 2 or J(L+x)@—x) 2 seen or implied. (Also allow ((1+ x)1 - x)‘l)2 ).

1
M1: Expands (1+ x)? to give any 2 out of 3 terms simplified or un-simplified,

1y(_1 1y(_1
Eg: 1+ 3x or + 1 x+—(2)( ) x> or 1+ +—(2)( ) x?
2 2 2! 2!
1

or expands (1—x) 2 to give any 2 out of 3 terms simplified or un-simplified,

: 1 1 (=2)(=3) NG 2)( 3)
Eg: 1+(—EJ(—X) or +(—Ej(—x)+T

+—(_%)2(!_§) (x)? for M1.

(-x)? or 1+ .. +—2220(_x)°

Also allow: 1 + ...

Al: At least one binomial expansion correct (either un-simplified or simplified). (ignore x*and x* terms)
Al: Two binomial expansions are correct (either un-simplified or simplified). (ignore x*and x* terms)
Note: Candidates can give decimal equivalents when expanding out their binomial expansions.

M1: Multiplies out to give 1, exactly two terms in x and exactly three terms in x°.
Al: Candidate achieves the result on the exam paper. Make sure that their working is sound.

Special Case: Award SC FINAL M1AL1 for a correct (1 + %x —%xz + ...jx(l+ %x+ gxz + j

21212

multiplied out with no errors to give either 1+x+§x +=X°==x° or 1+1x+§x2+£x+1x2 or
8 4 8 2 8 2 8

1 1, 1 1., 1 5, 1
1+ =X+=X"+=X+—X or 1+—X+—=X"+=x-—
2 4 2 4 2 8 2

%xz leading to the correct answer of 1+ x + %xz .
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Notes for Question 2 Continued

2. (a) ctd

1 _1
Note: If a candidate writes down either (1+ x)? = 1 +%x —%xz +..0r 1-x) 2 =1+%x+ gxz + ..

with no working then you can award 1% M1, 1% A1,
Note: If a candidate writes down both correct binomial expansions with no working, then you can award
1M1, 1" AL, 2" AL,

(b) M1: Substitutes x = L into both sides of 1rx and 1+ X+ lx2
26 1-x 2
B1: For sight of /2 (or better) and 1405 or equivalent fraction
25 1352
Eg: ﬂ and 1405 or 0.6+/3 and 1405 or 343 and 1 53 or /3 and E(%]
5 1352 1352 5 1352 311352
are fine for B1.
7025 . . 14050 182650
——— or any equivalent fraction, eg: or
4056 8112 105456
Special Case: Award SC: M1B1AO for V3 ~ 1.732001972.. or truncated 1.732001 or awrt 1.732002.
Note that % =1.732001972... and /3 =1.732050808...
Aliter 2 1
1+x 1+ x)1-x 1-x = _ 1
2. (a) /( ]: /( W=-x) /( 2) = = ([1-x)21-x" (1-x)2(L— %) B1
Way 2 1-x @+x)(1-x) @-x)
1 -1(-2
= [1 +(EJ(—XZ) +...]x(l +(—1)(—x)+()2#(— x)* + ) See notes | M1A1A1
1 2 2
= [1——x +...jx(l+ X+ X+ ..
2
2 1 2
=1+X+X _EX See notes | M1
1w Ly Answer is given in the |,
2 question.
[6]
Aliter 1 S
2.(a) | Bl (1-x*)2(L—x)"" seen or implied.
Way 2

1
M1: Expands (1 - x*)? to give both terms simplified or un-simplified, 1 +(%)(—x2)
or expands (1 - x)" to give any 2 out of 3 terms simplified or un-simplified,
: (D=2 (D=2
Eg:  1+(-1)(-x) or ...+(—1)(—X)+T(—X)2 or 1+ .. +T(— X)?

Al: At least one binomial expansion correct (either un-simplified or simplified). (ignore x*and x* terms)
Al: Two binomial expansions are correct (either un-simplified or simplified). (ignore x*and x* terms)

M1: Multiplies out to give 1, exactly one term in x and exactly two terms in x?.
Al: Candidate achieves the result on the exam paper. Make sure that their working is sound.
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Notes for Question 2 Continued

Aliter
1+x L+x)@+x) 1
2.(a) =(1+x)2-x ) 2 2y 2 | Bl
Way 3 {\/ 1-x) N@-0+x (1+x)@1-x7) 2
_ 1 Must follow
=1+ x)(1+ > X2+ j on from above. M1A1A1
= 1+x+%x2 dM1A1
Note: The final M1 mark is dependent on the previous method mark for Way 3.
élli{g)r Assuming the result on the Question Paper. (You need to be convinced that a candidate is
Way 4 applying this method before you apply the Mark Scheme for Way 4).

1+ X J@+X) > 12 i
{ (1_)(} \/ﬂ_l+x+2x }:>(1+x) _(1+x+2xj(1 X) B1

(1+x)2:1+[ j (%)( %)x +.. {:1+1x—lx2+...},
2 2! 2 8

L ()( 1) 1.1,
@-x)2=1+ (Zj( X)+~22-22 (=x)* + { 1 2x 8x +}

RHS = [1+ x+ Lx2 (1—x)5: 1ex+ix|[1-Ex-Le s
2 2 2 8

oty te gy tede
2 8 2 2

MI1A1Al

See notes | M1

IR
2 8
1 1,
So, LHS:1+EX—§X =RHS Al*

[6]

1 1
Bl (1+x)%= (1+ X + %xzj(l— X)? seen or implied.
M1: For Way 4, this M1 mark is dependent on the first B1 mark.
1

Expands (1+ x)2 to give any 2 out of 3 terms simplified or un-simplified,
1) (_1 1) (_1
Eg: 1+ 1y or +[ljx+M x> or 1+ .. +M x?
2 2 2! 2!
1
or expands (1 - x)? to give any 2 out of 3 terms simplified or un-simplified,

Eg: 1+[%j(—x) or +( j( X) + ()( 1)( x)> or 1+ .. ()( 2)( X)*

Al: At least one binomial expansion correct (either un-simplified or S|mpI|f|ed). (ignore x*and x* terms)

Al: Two binomial expansions are correct (either un-simplified or simplified). (ignore x*and x* terms)
M1: For Way 4, this M1 mark is dependent on the first B1 mark.

Multiplies out RHS to give 1, exactly two terms in x and exactly three terms in x.
Al: Candidate achieves the result on the exam paper. Candidate needs to have correctly processed both

1 1
the LHS and RHS of (1 + x)2 = (1+ x+%x2j(1— X)2.
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3.
VA

oY

Figure 1

Figure 1 shows the finite region R bounded by the x-axis, the y-axis, the line x = T and
the curve with equation

1
y:sec(—x), 0<x<E
2 2

1
The table shows corresponding values of x and y for y = sec (E x).

T T T
6 3 2

v 1 1.035276 1.414214

(a) Complete the table above giving the missing value of y to 6 decimal places.

1)

(b) Using the trapezium rule, with all of the values of y from the completed table, find an
approximation for the area of R, giving your answer to 4 decimal places.

(&)
Region R is rotated through 27 radians about the x-axis.

(c) Use calculus to find the exact volume of the solid formed.

(C))

— MR 000 00
P 4 3 1 3 7 A 0 8 3 2
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3.(a) 1.154701 Bl cao
[1]
(b) Area z%x% ;x[1+ 2(1.035276 + their 1.154701)+1.414214] B1;, M1
= %x 6.794168 = 1.778709023... =1.7787 (4 dp) 1.7787 or awrt 1.7787 | Al
[3]
X 2
2 )2 For ”J(SeC(ED | g1
(©) V= ﬁj [sec(—D dx '\
0 2 Ignore limits and dx.
Can be implied.
x +Atan (ﬁj M1
X2 2
={r} {Ztan (Eﬂ y
0 2tan (Ej or equivalent Al
=2z 27 | Alcao cso
[4]
8
Notes for Question 3
@ B1: 1.154701 correct answer only. Look for this on the table or in the candidate’s working.
(b) B1: Outside brackets %x% or % or awrt 0.262

M1: For structure of trapezium rule[ ............. ]

Al: anything that rounds to 1.7787
Note: It can be possible to award : (a) BO (b) BLM1A1 (awrt 1.7787)
Note: Working must be seen to demonstrate the use of the trapezium rule. Note: actual area is 1.762747174...

Note: Award B1M1Al for %(1 +1.414214) + %(1.035276 + their 1.154701) = 1.778709023...
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly,

Award B1IMOAO for %x% +1+2(1.035276 + their 1.154701)+1.414214 (nb: answer of 7.05596...).

Award B1MOAO for %x% (1+1.414214) + 2(1.035276 + their 1.154701) (nb: answer of 5.01199...).

Alternative method for part (b): Adding individual trapezia
T [1+1.035276 N 1.035276+1.154701 N 1.154701+1.414214

Area ~ —x = 1.778709023...
6 2 2 2

B1: % and a divisor of 2 on all terms inside brackets.

M1: First and last ordinates once and two of the middle ordinates twice inside brackets ignoring the 2.
Al: anything that rounds to 1.7787




Summer 2013 www.mystudybro.com Mathematics C4
Past Paper (Mark Scheme) This resource was created and owned by Pearson Edexcel 6666

Notes for Question 3 Continued

2
B1: For a correct statement of ﬁJ‘[SEC(EJJ or HISECZ (5j or « ;Z{dx}.
3.(c) 2 2 (cos(%))

Ignore limits and dx. Can be implied.
2

Note: Unless a correct expression stated 7 I sec(%} would be BO.
M1: +Atan [gj from any working.
Al: 2tan (g} or itan (gj from any working.

(3)

Al: 2z from a correct solution only.

Note: The 7z in the volume formula is only required for the B1 mark and the final A1 mark.
Note: Decimal answer of 6.283... without correct exact answer is AQ.

Note: The B1 mark can be implied by later working — as long as it is clear that the candidate has applied 7zJ. y?

in their working.
Note: Writing the correct formula of V = ﬂj y? {dx} , but incorrectly applying it is BO.
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4. A curve C has parametric equations
. T T
x=2sint, y=1-cos2t, ——<t< =
2 2
. dy . T
(a) Find — at the point where t =—
dx 6
C))
(b) Find a cartesian equation for C in the form
y=1k), -k<x<k
stating the value of the constant £.
3
(c) Write down the range of f(x).
(2)
\§ J
12

P 4 31 3 7 A 01 2 3 2
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4. x=2sint, y=1-cos2t {=2sin’t}, Tt
2 2
dx dy B1
dx q q At least one of pm ora correct.
(@) T 2cost, d—y =2sin2t or d—y = 4sintcost dx q B1
t t t Both — and o are correct.
dt dt
dy_2sint {: Acostsint _ 2sint} Applies their 2. divided by their &
dx 2cost 2cost dt dt | w1
2sin 2z and substitutes t =~ into theird—y.
7 dy 6 6 dx
Att==—, —=————2: =1 q
6 dx ZCOS(ZJ Correct value for d—yof 1| Alcao cso
X
[4]
(b) y=1-cos2t =1— (1-2sin’t) M1
= 2sin’t
2 2 2 X2
_of X _X _ X =~ or equivalent :
So,y=2/=] or y="— ory=2-2|1-|= y q - | Al cso isw
2 2 2 2
Either k =2 or —-2<x<2 Bl
[3]
(c) Range: 0<f(x)<2 or O0<y<<2o0r 0<fg2 See notes | B1 B1
[2]
9
Notes for Question 4
(@)
B1l: Atleast one of % or(;—y correct. Note: that this mark can be implied from their working.
Bl: Both 2—1( and (;—i/ are correct. Note: that this mark can be implied from their working.
. . dy . . dx . . . . dy
M1: Applies their Edlwded by their pm and attempts to substitute t = Emto their expression for o
X
This mark may be implied by their final answer.
dy sin2t 1 N
le. —= followed by an answer of = would be M1 (implied).
dx 2cost 2

Al: Foran answer of 1 by correct solution only.

Note: Don’t just look at the answer! A number of candidates are finding j—y =1 from incorrect methods.
X
Loodx . dy . . dy dy dx
Note: Applying — divided by their — is MO, even if they state — =—+ —.
PPYINg dt y dt y dx dt dt
Special Case: Award SC: BOBOM1Al for d—X = —2cost, d_y =—2sin2t leading to d_y= —2sin2t
dt dt dx —2cost
which after substitution of t = % yields g—y =1
X

Note: Itis possible for you to mark part(a), part (b) and part (c) together. Ignore labelling!
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Notes for Question 4 Continued

4.(b) | M1: Uses the correct double angle formula cos2t =1 — 2sin’t or cos2t = 2cos’t -1 or
cos2t = cos’t —sin®t in an attempt to get y in terms of sin®t or gety in terms of cos®t
or gety in terms of sin®t and cos*t. Writing down y = 2sin’t is fine for M1.
2
Al: Achieves y = X? or un-simplified equivalents in the form y = f(x). For example:
2x? x\’ X\’ 4-x* X
y_T or y_ZEEJ or y_2—2(1—(E]J or y=1- 2 +T
and you can ignore subsequent working if a candidate states a correct version of the Cartesian equation.
IMPORTANT: Please check working as this result can be fluked from an incorrect method.
Award A0 if thereisa +c added to their answer.
B1: Either k = 2 or a candidate writes down —2 < x < 2. Note: —2 < k < 2 unless k stated as 2 is BO.
(©) Note: The values of 0 and/or 2 need to be evaluated in this part
B1: Achieves an inclusive upper or lower limit, using acceptable notation. Eg: f(x) >0 or f(x) <2
Bl: 0<f(X)<2 or O0<y<2 or 0<fg2
Special Case: SC: B1BO foreither 0<f(x)<2or 0<f<2 or O0<y<2 or (0,2
Special Case: SC: B1BOfor 0 < x < 2.
IMPORTANT: Note that: Therefore candidates can use either y or f in place of f(x)
Examples: 0<x<2 isSC: B1B0 0< x<2 isB0OBO
x>0 isBOBO x< 2 is BOBO
f(x) >0 is BOBO f(x) <2 is BOBO
x>0 is BOBO X <2 is BOBO
0>1f(x)>2 isBOBO 0<f(x)<2isB1B0
0<f(x)<2 isB1BO. f(x) >0 is B1BO
f(x) <2 isB1B0O f(x) >0 and f(x) <2 isB1B1. Must state AND {or} m
2 <f(x) <2 isB0OBO f(x) >0 or f(x)<2 isB1BO0.
|f(x)| <2 is B1BO |f(x)| > 2 is BOBO
1 <f(x)<2isB1B0 1<f(x)<2 isBOBO
0<f(x)<4isB1B0 0<f(x) <4 isBOBO
0 < Range <2 isB1BO0 Range is in between 0 and 2 is B1BO
0 < Range < 2 is BOBO. Range >0 is B1BO
Range < 2 is B1B0 Range >0 and Range < 2 is B1BO.
[0, 2] is B1B1 (0, 2) is SC B1BO
Aliter % = 2cost, ﬂ =2sin2t, So B1, B1.
4. (@) | dt dt
Way 2 T dx Vs dy . (2%
Att=o, o= 2COS(EJ—\/§, o 25m(?j =3
dy .
Hence — =1 So implied M1, Al.

dx




Summer 2013 www.mystudybro.com Mathematics C4
Past Paper (Mark Scheme) This resource was created and owned by Pearson Edexcel

6666

Notes for Question 4 Continued

Aliter dy Correct differentiation of their Cartesian equation. | B1ft
4. (@) | y==x"=-"2=x dy
Way 3 2 dx Finds poia X, using the correct Cartesian equation only. | B1
X
- d - Finds the value of “x” when t =~
A=, d—y=23in[—) d6 M1
X and substitutes this into their d—y
X
=1 Correct value for %of 1AL
X
':"Eg; y =1—cos2t =1 — (2cos’t —1) M1
Way 2 - . _
y y=2—20052t:>cos.2t:u = 1—s.|n2t=2—2y
2
1_(§j :% (Must be in the form y = f(x)).
X 2
y=2—2[1—(5jj Al
Aliter . '
X =2sint = t=sin""| —
4. (b) (2}
Way 3 Rearranges to make t the subject M1
s (X and substitutes the result into y.
0, y=1-cos| 2sin (Ej (x
y =1-cos| 2sin 2 Al oe
Aliter | 1. _Lloosta-
4. (b) y=1-cos2t = cos2t=1-y = t= 2cos @a-y
Way 4 (1 Rearranges to make t the subject
=+ =cost(1—
S0, X _Zsm(zcos @ y)j and substitutes the result into y. M1
So, y=1- cos(Zsin‘1 (ED y=1- cos(Zsin‘1 (ED Al oe
Aliter OI—y=23int=x:>y=£x2+c ﬂ:x:y:1x2+c M1
4. (b) | dx 2 dx 2
Way 5 : t= —ZLt< 2
— —_— — —_— P p— 2 -
x=0,y=1-1=0= ¢=0 = Y=5X using avalue of t: —2 < t < £
. dy . 1., . . .
Note: poin 2sint=x =>y= EX , with no attempt to find c is M1AO.
X
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5. (a) Use the substitution x = #?, u > 0, to show that
1 2
j - j 2w
x(2Vx = 1) uu — 1)
3)
(b) Hence show that
9
[t (_)
1 x(2Vx - 1) b
where a and b are integers to be determined.
(7)
\_ J
16

P 4 31 3 7 A 01 6 3 2
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dx du 1 -3 du 1
_ x=u'=!—"=2u or —==x2 or —=—+ B1
5 (@) { } du dx 2 dx  2vx
j; dx; = I 2udu M1
X(24/x — 1) uz(2u -1
= 2 Al * cso
u(2u -1)
) [3]
(b) 2 _AL_ B o A@u-1)+Bu
u(u-1) u (2u-1
U=0 = 2=—A — A=_2 See notes | M1 Al
u=+ = 2=iB = B=4
2 -2 4 IntegratesM+L,M¢0,N¢Oto
0 jﬁdu=j—+ 5 1du u (2u-1 M1
u(2u-1) u (-0 obtain any one of £ AInu or £ xIn(2u — 1)
— _2Inu+ 2In(2u —1) At least one term correctly followed through | Al ft
-2Inu + 2In(2u -1). | A1 cao
So, [-2Inu + 2In(2u ~1)];
Applies limitsof 3and Linu or 9
= (-2In3+ 2In(2(3) -1)) — (-2In1+ 2In(2(1) —1))  and 1 in x in their integrated function | M1
and subtracts the correct way round.
= —-2In3+2In5-(0)
5 5
= 2In| = 2In| —| | Al csocao
) )
[7]
10

Notes for Question 5

(@)

(b)

dx du 1 -2 du 1 dx

Bl: —=2u or dx=2udu or —==x 20 =— =——
du dx 2 dx 24x 2%

M1: A full substitution producing an integral in u only (including the du) (Integral sign not necessary).
The candidate needs to deal with the “ x”, the (Zf —1) " and the “dx” and converts from an
integral term in x to an integral in u. (Remember the integral sign is not necessary for M1).

and a complete method for

Al*: leading to the result printed on the question paper (including the du). (Integral sign is needed).
M1: Writing ——— = é+ B or writing _ = E+ Q
uu-1) u (u-13 uu-1) u (2u-1

finding the value of at least one of their A or their B (or their P or their Q).

Al: Boththeir A=-2 and their B =4. (Ortheir P = -1 and their Q = 2 with the multiplying factor of

2 in front of the integral sign).

M1: IntegratesM+ N .
u (2u-1

+Alnu or £uIn2u —or +uln(u - 1)

M =0, N =0 (i.e. atwo term partial fraction) to obtain any one of

Alft: At least one term correctly followed through from their A or from their B (or their P and their Q).

Al: -2Inu + 2In(2u -1)

Notes for Question 5 Continued

5. (b) ctd | M1: Applies limitsof 3and 1inu or 9and 1 in x in their (i.e. any) changed function and subtracts the
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Cotrect way round. y

Note: If a candidate just writes (—2In3+ 2In(2(3) —1)) oe, this is ok for M1.
Al: 2In@j correct answer only. (Note: a=5,b=3).
Important note: Award MOAOM1A1AO for a candidate who writes

#du= E+ 2 du = 2Inu + In(2u - 1)
u(2u -1 u (2Qu-1

2

[elelele)

AS EVIDENCE OF WRITING ————— AS PARTIAL FRACTIONS IS GIVEN.

u(2u -1)
Important note: Award MOAOMOAOAO for a candidate who writes down either

#du =2Inu + 2In(2u -1) or ;du =2Inu + In(2u -1)
u(2u -1) u(2u -1)

WITHOUT ANY EVIDENCE OF WRITING 2 as partial fractions.

u(2u -1)
Important note: Award M1A1M1A1A1 for a candidate who writes down

#du =-2Inu +2In(2u - 1)
u(2u -1)

WITHOUT ANY EVIDENCE OF WRITING _2 as partial fractions.
u

(2u -1)

Note: In part (b) if they lose the “2” and find jﬁ du we can allow a maximum of
u(2u —

M1AO0 M1A1ftA0 M1AO.
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6. Water is being heated in a kettle. At time 7 seconds, the temperature of the water is 6 °C.
The rate of increase of the temperature of the water at any time 7 is modelled by the
differential equation
do
— = (120 - 0), 0 < 100
dr
where 4 is a positive constant.
Given that & = 20 when 1= 0,
(a) solve this differential equation to show that
0 =120 — 100e™*
®
When the temperature of the water reaches 100 °C, the kettle switches off.
(b) Given that 4 =0.01, find the time, to the nearest second, when the kettle switches off.
3
g J
20

P 4 31 3 7 A 0 2 0 3 2
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Question Scheme Marks
Number
do
6. —=/1(120—9), 6 <100
;dﬁ— Adt or ;de— dt B1
@ 120- 0 2(120-6)
o 1 o M1 AL,
-In(120-6);= At +c or —zln(120—0),_t+c See notes ML AL
{t=0,60=20 =} -In(120 - 20) = A(0) + c See notes | M1
—In100 = —In(120 - 0) = At —In100
then either... or...
—At =In(120 - #) - In100 At =In100-In(120 - 9)
it =in[ 2299 at = In| 200
100 120-6
—At _120_9 e)v[ — 100
=100 120_0 dddM1
., (120— 0 )e*t =100
100e ™™ =120-6 _M
= 120- 6 =100e AL *
leadingto & =120 —100e ™
(8]
(b) {/1 =0.01,6 =100 :>} 100 =120 —100e %™ M1
s 1006°%" 120 —100 = —0.01t = In 120 - 100 Usgs correct order of operatloniso(k))l}/
100 moving from 100 =120 —100e™
. 1 In 120—100 togivet=... and t = AlnB, dM1
-0.01 where B >0
t——l ( J 100In5
-0.01
t =160.94379... = 161 (s) (nearest second) awrt 161 | Al
[3]

11
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Notes for Question 6

(@)

B1l: Separates variables as shown. d@and dt should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
Either or

M1: 1 dé — +AIn(120 - 6) ;de — £ AIn(120 - 9), Alisa constant.
120- 0 A(120-6)

Al: J L 40 > —In(120 - 0) J';de - —%In(lZO—H) or —%In(lZOi—/l@),

120-6 A(120-6)
M1: Iﬂdt — j1dt St

Al: j'/i dt —»> At+c ‘ or jl dt — t+c The + c can appear on either side of the equation.

IMPORTANT: +c can be on either side of their equation for the 2" A1 mark.
M1: Substitutes t =0 AND & = 20 in an integrated or changed equation containing ¢ (or Aor InA).
Note that this mark can be implied by the correct value of c. { Note that —In100 = —4.60517... }.

dddM1: Uses their value of ¢ which must be a In term, and uses fully correct method to eliminate their
logarithms. Note: This mark is dependent on all three previous method marks being awarded.

Al*: Thisisa given answer. All previous marks must have been scored and there must not be any errors in
the candidate’s working. Do not accept huge leaps in working at the end. So a minimum of either:

x 120-0
~ 100
_ 100
1206
is required for Al.

= 100e™™ =120-6 = 6 =120-100e "

Q): e

or (2): e* = (120- 0 )e™ =100 = 120- @ =100e* = 6 =120 —100e "

Note: 1 dé —» - lIn(120/1—/w) is ok for the first M1AL in part (a).
(1201 -10) A

(b)

M1: Substitutes 4 =0.01and & =100 into the printed equation or one of their earlier equations connecting
¢ and t.  This mark can be implied by subsequent working.

dM1: Candidate uses correct order of operations by moving from 100 =120 —100e *™ to t =...
Note: that the 2" Method mark is dependent on the 1 Method mark being awarded in part (b).

Al: awrt 161 or “awrt” 2 minutes 41 seconds. (lgnore incorrect units).

Aliter
6. (a)
Way 2

1
do = | Adt
J120—9 j 51

M1 Al;

-In(120-6) = At +c See notes ML AL

-In(120-6) = At +c¢
In(120-0) =— At +c

120 -6 = Ae ™
0 =120 — Ae™*
{'(=0,€=20:>}20=120—Ae0 M1

A=120-20=100

So, 6 =120 —-100e™* dddM1 A1 *

[8]
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Notes for Question 6 Continued

@ B1M1A1M1A1l: Mark as in the original scheme.

M1: Substitutes t =0 AND @ = 20 in an integrated equation containing their constant of integration which
could be c or A. Note that this mark can be implied by the correct value of c or A.
dddM1: Uses a fully correct method to eliminate their logarithms and writes down an equation containing
their evaluated constant of integration.
Note: This mark is dependent on all three previous method marks being awarded.
Note: In(120-6) =-At+c leadingto 120 - 9=e " +e° or 120 -0 =e " + A, would be dddMO.
Al*:  Same as the original scheme.
Note: The jump from In(120 - §) =—-At+c to 120 -6 = Ae™™ with no incorrect working is condoned
in part (a).

Aliter 1 -1

6. (a) JlZO—Hde = J‘}tdt {:je—lzo do = J‘/ldt} B1

Way 3

Modulus required | M1 Al
for 1" Al. | M1 Al

- = _ _ _ Modulus
{t =0,6=20 :>} In|20 120| =A(0)+c not required here! M1

-In|6 —120| = At + ¢

= ¢=-1In100 = -In|¢ — 120 = At —In100

then either... or...
—At = In|¢9—120|— In100 At = InlOO—In|0—120|
_t = In[¢=120 at = In|—%
100 6 —120
As 6 <100
120 -6 100
—At = I”( 100 j At =In 120_‘9J Understanding of
modulus is required | dddM1

oAt 120-6 et 100 herel

100 120-46

., (120- 6 )e* =100
100e ™ =120-6
= 120- 6 =100e ™" AL *
leadingto & =120 —100e ™

[8]

B1: Mark as in the original scheme.
M1: Mark as in the original scheme ignoring the modulus.

Al: Iﬁ d¢ — —In|@ —120|. (The modulus is required here).
M1AL: Mark as in the original scheme.
M1: Substitutes t =0 AND @& = 20 in an integrated equation containing their constant of integration which

could be c or A. Mark as in the original scheme ignoring the modulus.
dddM1: Mark as in the original scheme AND the candidate must demonstrate that they have converted

In|9 - 120| to In(120 - 0) in their working. Note: This mark is dependent on all three previous method

marks being awarded.
Al: Mark as in the original scheme.
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Notes for Question 6 Continued

Aliter . .

6. (a) Use of an integrating factor

Way 4

Y4199 20-0) = 924 20 =1202

dt dt
IF = e* Bl
i(e%w) = 1204e™, M1A1
dt
e™9 = 1202e™ + k M1A1
0 =120 + Ke™ M1

{t=0,0=20 =} -100 = K
0 = 120 - 100e™*

M1A1
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7. A curve is described by the equation
x?+4xy +y?+27=0

(a) Find % in terms of x and y.
X

A point Q lies on the curve.
The tangent to the curve at Q is parallel to the y-axis.
Given that the x coordinate of Q is negative,

(b) use your answer to part (a) to find the coordinates of Q.

S))

(7

Leave )
blank

— R AR 0 00 A
P 4 3 1 3 7 A 0 2 4 3 2
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Question Scheme Marks
Number
7. X2 +4xy +y* +27=0
HY dy dy
b 2X+ |4y +4x— | +2y—=0 M1Al Bl
(@) {Kx } - ( y de ydx — =
dy
2x+4y+(4x+2y)d—:0 dm1
X
dy -2x-4y | -—-x-2y
dx 4x+ 2y {_ 2x+y} AL csoce
[5]
(b) 4x +2y =0 M1
1Y 1
X? + 4x(—2x) + (=2x)* + 27 =0 (—Eyj + 4(—5 y)y +y +27=0 M1*
2 3 2
-3x°+27=0 —Zy +27=0
x*=9 y> =36 dmM1*
X=-3 y=6 Al
When x=-3, y=-2(-3) When y =6, x=—%(6) ddM1*
y=6 X=-3 Al cso
[7]
12
Notes for Question 7
o . S . . dy dy dy
(@) M1: Differentiates implicitly to include either 4x— or +ky—=. (Ignore | —=— = |).
dx dx dx
Al: (xz)%(g) and (+ y2+27=0—> + 2y3—y=0 J
_ox
Note: If an extra term appears then award AO.
Note: The "= 0"can be implied by rearrangement of their equation.
e 2x+ 4y + 4xd—y + 2yd—y leading to 4xd—y + Zyd—y = —2x —4y will get Al (implied).
dx dx dx dx

Bl: 4y +4xd—y or 4(y + xd—y] or equivalent
dx dx

. d . d
dM1: An attempt to factorise out d_y as long as there are at least two terms in d_y .
X X

ie. ...+(4x+2y)d—y=... or ...+2(2x+y)d—y=,..
dx dx

Note: This mark is dependent on the previous method mark being awarded.
Al For -2x — 4y +2X + 4y or —2(x + 2y) or —-X=2y
4x + 2y —4x -2y 4x + 2y 2X+y

cso: If the candidate’s solution is not completely correct, then do not give this mark.

or equivalent. Eg:
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Notes for Question 7 Continued

(b)

M1: Sets the denominator of their % equal to zero (or the numerator of their % equal to zero) oe.
X y

Al: Rearranges to give either y =—2x or x= —%y . (correct solution only).

The first two marks can be implied from later working, i.e. for a correct substitution of either y = —2x
into y* or for x = —%y into 4xy .

M1*: Substitutes y=+AXx or or Xx=2uy or y=+Axtaor x=xuy+b (1#0, z=0) into
x* + 4xy + y* + 27 = 0 to form an equation in one variable.

dM1*: leading to at least either X’ = A, A>0 or y*=B, B>0

Note: This mark is dependent on the previous method mark (M1*) being awarded.
Al: For x= -3 (ignore x =3) orifywas found first, y =6 (ignore y =—6) (correct solution only).

ddM1* Substitutes their value of x into y =+ Ax to give y = value
or substitutes their value of x into x* + 4xy + y* + 27 =0 to give y = value.
Alternatively, substitutes their value of y into x = + uy to give x = value
or substitutes their value of y into x* + 4xy + y? + 27 =0 to give x = value
Note: This mark is dependent on the two previous method marks (M1* and dM1*) being awarded.
Al: (-3, 6) cso.
Note: If a candidate offers two sets of coordinates without either rejecting the incorrect set or accepting the

correct set then award A0. DO NOT APPLY ISW ON THIS OCCASION.
Note: x = -3 followed later in working by y = 6 is fine for Al.

Note: y =6 followed later in working by x = —3 is fine for Al.
Note: x =-3, 3 followed later in working by y = 6 is A0, unless candidate indicates that they
are rejecting x =3

Note: Candidates who set the numerator of %

X
only achieve a maximum of 3 marks in this part. They can only achieve the 2", 3 and 4™ Method marks to
give a maximum marking profile of MOAOM1M1AOMZ1AQ. They will usually find (-6, 3) { or even

(6,-3)}.

equal to O (or the denominator of their % equal to zero) can
y

Note: Candidates who set the numerator or the denominator of g—y

X
achieve a maximum of 3 marks in this part. They can only achieve the 2", 3" and 4™ Method marks to give a
marking profile of MOAOM1M1A0M1AO.

equal to £k (usually k =1) can only

Special Case: It is possible for a candidate who does not achieve full marks in part (a), (but has a correct

denominator for g_y ) to gain all 7 marks in part (b).
X

dy _ 2x-4y

Eg: Anincorrect part (a) answer of can lead to a correct (— 3, 6) in part (b) and 7 marks.
dx  4x+ 2y
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8. With respect to a fixed origin O, the line / has equation

13 2
r=|8 [+ A| 2|, where 4 is a scalar parameter.
1 -1

The point 4 lies on / and has coordinates (3, —2, 6).
The point P has position vector (—pi + 2pk) relative to O, where p is a constant.
Given that vector P4 is perpendicular to /,

(a) find the value of p.
“)

Given also that B is a point on / such that Z/BP4 = 45°,

(b) find the coordinates of the two possible positions of B.
)

Leave )
blank

— NN 0O AR O
P 4 3 1 3 7 A 0 2 8 3 2
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(Ngﬂfjggrn Scheme Marks
13 2 -p
8. l:r=|8|+4] 2|, A(3,-2,6), OP=| 0
1 -1 2p
3 -p -p 3 Finds the difference
(@) {ﬁ} =|-2|-| 0 {ﬁ} =| 0|-]-2 between OA and OP . | M1
6 2p 2p 6 Ignore labelling.
3+p -3-p
= =2 = 2 Correct difference. | Al
6-2p 2p-6
3+p 2
-2 |o| 2|=6+2p—-4-6+2p=0 See notes. | M1
6-2p) \-1
p=1 Al cso
[4]
(b) |AP|= |42 + (-2)? + 4% or |AP| = \J(-4)? + 2% + (—4)’ See notes. | M1
So, PAor AP =+/36 or 6 cao Al cao
It follows that, AB ="6" {=PA} or PB="62" {=+2PA| See notes. | B1 ft
{Note that AB ="6" = 2(the modulus of the direction vector of 1) }
3 2
OB =|-2|+2 2| or
6 -1 Uses a correct method in order
oy (2 s e |
OB=|8|-3 2| and OB = -7
1 -1 1 -1
7 -1
=|2|and | -6 Both coordinates are correct. | Al cao
4 8
[5]
9
Notes for Question 8
8. (a) M1: Finds the difference between OA and OP. Ignore labelling.

If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.

3+p -3-p
Al: Acceptany of -2 |jor B+p)i—-2j+(6-2p)k or 2
6-2p 2p-6

or(-3- p)i+2j+(2p - 6)k
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Notes for Question 8 Continued

8.(a)

(b)

M1: Applies the formula PAe

2
2
-1

or APe

2

-1

2 | correctly to give a linear equation in p which is set equal to

2
zero. Note: The dot product can also be with k| 2
-1

Eg: Some candidates may find

13 3 10
8 | - | —2 | = 10 |, for instance, and use this in their dot product which is fine for M1.
1 6 -5

Al: Finds p =1 from a correct solution only.

Note: The direction of subtraction is not important in part (a).
M1: Uses their value of p and Pythagoras to obtain a numerical expression for either AP or PA or AP’ or

PA2.  Eg: PAOr AP = 42 + (=2)2 + 42 or \J(=4)? + 22 + (—4)? or 4 + 22 + 42
or PA? or AP? = 4% + (=2)* + 4% or (—4)* +2° + (—=4)* or 4> +2° + 4

Al: APorPA =+/36 or 6 cao or AP? =36 cao

B1ft: States or it is clear from their working that AB ="6" {= their evaluated PA} or

PB="6"2 {: V2 (their evaluated PA) } .

Note: So a correct follow length is required here for either AB or PB using their evaluated PA.
Note: This mark may be found on a diagram.

Note: If a candidate states that ‘ﬁ‘ = ‘E‘ and then goes on to find ‘ﬁ‘ =6 then the B1 mark can be implied.
IMPORTANT: This mark may be implied as part of expressions such as:

{AB =} /(10 + 24)% + (10 + 24)* + (-5- 2)* =6 or { AB* =} (10 +22)* + (10 + 24) + (-5 2)* = 36

or {PB =} \J(14 + 22)? + (8 + 24)7 + (-1- 4)* = 62 or { PB? = (14 + 22)" + (8+ 22)" + (-1- )’ =72

M1: Uses a full method in order to find both possible sets of coordinates of B:

3 2 13 2 13 2
Egl: OB = | -2|+2| 2 Eg2: OB=|8|-3 2| and OB=|8|-7 2

6 -1 1 -1 1 -1
Note: If a candidate achieves at least one of the correct (7, 2, 4) or (-1, — 6, 8) then award SC M1 here.

3 2 3 2
Note: OB = | —2|-3| 2| and OB =|-2|-7 2| isMo.

6 -1 6 -1

Al: Forboth (7,2, 4) and (-1, —6,8). Accept vector notation or i, j, k notation.
Note: All the marks are accessible in part (b) if p =1 is found from incorrect working in part (a).

3 2
Note: Imply M1A1B1 and award M1 for candidates who write: OB = | =2 | 2| 2|, with little or no
6 -1

earlier working.
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Notes for Question 8 Continued

8. Helpful Diagram!

\Er = 942 + 904 + 225

10 + 24 Bl 8+24
AB = | 10+ 24
—5-1

o\

'6\ﬁ [\
14+ 22 Pl O[=] 0

PB=| 8+24 2 2p
~1-2

‘ﬁr = 942 + 904 + 261

8. (b) | Way 2: Setting AB ="6" or AB*="36" Note: Itis possible for you to apply the main scheme for Way 2.
{AB="6"= AB® ="36"=} (10+22)" + (10 + 22)* + (-5- 1)’ ="36"  BLft could be implied here.
947 + 904 + 225=36 = 94° + 904 +189=0
A2 +101+21=0= (A +3)(41+7)=0
A=-3,-7
Then apply final M1 Al as in the original scheme. | .. M1Al

8. (b) | Way 3: Setting PB = "6+/2" or PB?="72" Note: Itis possible for you to apply the main scheme for Way 3.
{PB ="6"\2 = PB? ="72" :»} (14 +22)* + (8 +22)* + (-1- A)* ="72"  B1ft could be implied here.
91% + 901 + 261=72 = 91> +901 +189=0

A2 +101+21=0= (A +3)(A1+7)=0
A=-3,-7
Then apply final M1 A1 as in the original scheme. | ... M1 Al
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Notes for Question 8 Continued

(You need to be convinced that a candidate is applying this method before you apply the Mark Scheme for

8. () Way 4).
. — — . . PAePB
Way 4: Using the dot product formula between PA and PB, ie: cos45 = ———.
|PA|[PB|
4 14 + 24
PAePB =| -2 |e| 8+21 | =56+81-16-41—-4-41=36
4 -1-2
For finding ‘ﬁ‘ as before. | M1
. 1 36
Cos 45 =; —= = 36 or 6 | Al cao
{ / V2 6 \Jai? + 904 + 261 o V3
[PB|= /92? + 904 + 261 | B1 oe
1 36
2 947 + 904 + 261
947 + 901 +261=72 = 91> +901 +189=0
A2 +101+21=0= (A +3)(1+7)=0
A=-3,-7
Then apply final M1 A1 as in the original scheme. | ... M1 Al
8. (b) (You need to be convinced that a candidate is applying this method before you apply the Mark Scheme for
' Way 5).
AB e PB

Way 5: Using the dot product formula between AB and PB, ie: cos 45 = W
AB|.|PB

Attempts the dot product formula M1
between AB and PB.

10+24) (14+ 24 . -

10+ 21 le| 8424 Correct statement with ‘AB‘ and ‘PB‘ Al

5_72 1-2 simplified as shown.
Either [AB| = /94” + 904 + 225 or

Bl

cos 45 == =
V2 J02% + 904 + 225 ([947 + 904 + 261

[PB|= /92? + 902 + 261

140 + 204 + 281 + 442+ 80 + 204 + 164 +44* + 5+ 51 + 4 + A2

45 = =
feos 45" J9AZ + 904 + 225 (/947 + 904 + 261
fcos 45 =} L _ 947 + 904 + 225
JOAZ + 904 + 225 /947 + 904 + 261

(942 + 904 + 225)?
(947 + 904 + 225)(947 + 904 + 261)
(947 + 904 + 225)
2 " (947 + 907 + 261)
927 + 904 + 261 = 2(942 + 904 + 225) = 94% + 901 + 189 = 0
A2 +101+21=0= (A +3)(1+7)=0
A=-3,-7

H
| N §‘||—\ §‘|r—\

Then apply final M1 A1 as in the original scheme. | ... M1 Al
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Notes for Question 8 Continued

8. (b) | Way 6:
4 2
PA=|-2|=2|-1| and direction vectorof lis d =| 2
4 2 -1
So, ‘ﬁ‘ _5 |d| or PA=2 |d| A correct statement relating these M1 Al B1

distances (and not vectors)
Apply final M1 A1 as in the original scheme. | ... M1 Al

Note: PA = 2d with no other creditable working is MOAOBO...

3 2
Note: PA=2d,followedby OB = | =2 [+2| 2| is M1A1B1M1 and the final A1 mark is for both sets of
6 -1

correct coordinates.




