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1. (a) Express _ in partial fractions.
r(r +2
1)
4 4 n(3n + 5
(b) Hence show that 2 = ( ) .
7 +2) (n+ D+ 2)
" ®)
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Question Scheme Marks
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1 11 11
QL@ | Trv2) " 2r 2042 o 2(r+2 | Blaef
(1)
S 4 ~(2 2
(b) Zr(r+2) - Z(? r+2j
(2 2) (2 zj
=|l—=—=|+|==-=|+ ...
L3 2 4 List the first two terms
M1
2 2 2 2 and the last two terms
.............. +|—— |+ | — -
n-1 n+1 n n+2
Includes the first two underlined
terms and includes the final two | M1
= 2 + 2 — 22 underlined terms.
1 2 n+1 n+?2 2 2 2 2
—t - Al
I 2 n+l1 n+2
n+1 n+2
= 3n+Dn+2)-2n+2) -2+ 1) Attempt to combine to an at
(n+D(n+2) least 3 term fraction to a single
fraction and an attempt to take | M1
3N +9N+6-2n—-4—-2n—=2 out the brackets from their
- (n+1)(n +2) numerator.
~3n’+5n
(n+1D(n+2)
_ _non+3) C Result | A1 cso AG
(n+1)(n +2) orrect Result
(5)
[6]
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2. Solve the equation
23 = 4\2 — 4\2i,
giving your answers in the form r(cos 0 + i sin 8), where — 7 < 0 < =«.
(6)
J
4
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Q2 @] 2 =4V2-4V2i, -z<6, x
Ya
442 -
O arg ZI—! X
i4«5
(432, -442)
: A valid attempt to find the
4 = f32+32 = J64 =8 P

\/( \/_) - ( ) " \/— modulus and argument of | M1

¢9=—tan'(%)=—% 42 - 421

2’ = 8(cos(—%) + isin(-%))

1 —z _x Taking the cube root of the
So,z = (8)s [cos[ 3 j + 1s1n( 34 B modulus and dividing the | M1

argument by 3.
= 7= 2(cos(—5) + isin(-%)) 2(cos(~%) +isin(-%)) | AL

Also, 7° = 8(c0 (T”) + lsm(Tﬂ ) Adding or subtracting 27 to the
3 . i argument for z* in order to find | M1

or 2= S(COS(_T) + 1s1n( T)) other roots.
= 7 = 2(cosZ +isinif) Any one of the final two roots | Al
and 7 = 2(cos( ) + 1sm( )) Both of the final two roots. | Al

[6]

Special Case 1: Award SC: MIMIAIMIAOAO for ALL three of 2(cos% + isin%),

2(cos +isin3z ) and 2(cos( )+ 1s1n( ))

Special Case 2: Ifr is incorrect (and not equal to 8) and candidate states the brackets
() correctly then give the first accuracy mark ONLY where this is applicable.

6668/01 GCE Mathematics June 2009 3
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3. Find the general solution of the differential equation

d . .
o ycosx = sin2xsinx,
X

sin x

giving your answer in the form y = f(x).
®)

6
— AL 1 D 0 Al
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Q3 . dy . .
sin X — — ycos X = sin2Xsin X
dx
An attempt to divide every term
dy ycosx _ sin2XsinX in the differential equation by M1
dx  sinXx sin X sin X.
Can be implied.
y_ _y(.:osx = sin2x
dx  sinX
.[7 cosX o e_[i z?j: dx or ejitheir P(x) (dx) a1
I t t f t — sin X _ —Insinx }
n egra lng actor ¢ € e—lnsmx or elncosecx Al aef
1 o
= — —— or (sinX)" or cosecX | Al aef
sin X sin X
[ 1 \dy ycosx _ sin2x
sinx Jdx  sin® X sin X
df y — in2X x di (y x their LF.) = sin2x x their LF M1
dx \ sinx sin X X
di (Lj = 2cosX or
X X
— ,y = 2cosX st Al
dx |\ sin x y
- = j2cos X (dx)
sin X
.L = J.2cosx dx
sin X
y 5 A credible attempt to integrate
iy simx+K the RHS with/without + K | 494dM1
y = 2sin’ X + Ksin x y = 2sin’ X + Ksinx | A1 cao
(8l
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4.
L >
o) Initial line
Figure 1

Figure 1 shows a sketch of the curve with polar equation

r=a+3cosf, a>0, 0<0<2n
. 107
The area enclosed by the curve is BN T.

Find the value of a.

®

— AL 10 D Al
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Q4 1 2z
1 2z Applies —I r’ (dG) with
A:—I(a+3cos€)2d9 20 B1
2 _
0 correct limits.
Ignore d&.
(a+3cosf)’ = a’ + 6acosd + 9cos’ @
+1+
. 1+ cos20 cos? @ = T1EC0S20 |y
=a +6acos€+9T 2
Correct underlined expression. | Al
1f 9 9
A=— I a’ + 6acosf + — + —cos26 | d@
2 2 2
0
Integrated expression with at
least 3 out of 4 terms of the form .
2 +Af + Bsin6 + CO + Dsin26 . | M1
= (l) [329 + 6asiné + 26 + 2sin 29} Ignore the 4. Ignore limits.
2 2 4 0 a’d + 6asiné + correct ft
integration. | Al ft
Ignore the 4. Ignore limits.
1 2
:5[(27ra +0+97+0) - (0)]
=7ra2+9—” 7ra2+9—” Al
2 2
Hence, rza’ + 9772 = % T Integrated expression equal to %ﬁ .| dM1*
) 107
a’+—=—
2
a’ =49
Asa>0, a=7 a=7 | Al cso
[8]

Some candidates may achieve a = 7 from incorrect
working. Such candidates will not get full marks

6668/01 GCE Mathematics June 2009 5
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5.
y =sec’ x
d2
(a) Show that —)2} = 6sec’ x — 4sec’ x.
dx
“)
(b) Find a Taylor series expansion of sec’x in ascending powers of (x - Ej, up to and
A
including the term in [x - ZJ .
(6)
|\ J

— AL 00 D0 T
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Q5 y =sec’ X = (secX)’
(a) Either 2(sec X)'(sec X tan X
dy = 2(sec X)'(sec Xtan X) = 2sec’ Xtan X ither 2(secX) (se02 anx) Bl aef
dx or 2sec’ Xtan X
Apply product rule:
u =2sec’ X V =tanX
d—u:4sec2XtanX — =sec’ X
dx dx
Two terms added with one of
d’y either A sec® xtan® X or Bsec*x | M1
—2 = 4sec’ xtan’ X + 2sec’ X .
dx2 in the correct form.
Correct differentiation | Al
= 4sec’ x(sec’ X — 1) + 2sec” x
: Applies tan’ X = sec’ X — 1
Hence, d—z/ = 6sec’ X — 4sec’ X pplies tan see
dx leading to the correct result. | Al AG
4)
b 2 2
Oy (3 =2 () =22 -4 Both y, =2 and L] =4 | 1
4 dx /, s dx /.
Attempts to substitute X = £ into
ﬂ _ 6(\/5)4 _ 4(ﬁ)2 —24-8=16 both terms in the expression for M1
dX2 z d2y
dx*’
d? s Two terms differentiated with
o = 24sec’ X(sec Xtan X) — 8sec X(sec Xtan X) either 24sec® Xtan X or | M1
— 8sec’ Xtan X being correct
= 24sec’ xtan X — 8sec” Xtan X
d’y 4 2 d’y) _
[Wl - 24(\5) (1)—8(&) (1)= 9616 = 80 (W - 80 | B1
Applies a Taylor expansion with
. \2 3 at least 3 out of 4 terms ft | M1
secX 2+ 4(x—Z)+ 1 (x—2) +8(x-2) + correctly.
Correct Taylor series expansion. | Al
(6)
fseox =2 +4(x~4)+8(x— %) +£(x-%) +..|
[10]
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6.

A transformation 7 from the z-plane to the w-plane is given by

z .
w = -,z # —1
z +1

The circle with equation |z| =3 is mapped by T onto the curve C.

(a) Show that C is a circle and find its centre and radius.

®)
The region |z| <3 in the z-plane is mapped by 7 onto the region R in the w-plane.

(b) Shade the region R on an Argand diagram.
2

Leave )
blank
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Q6 z
W= _, Z=—1
Z+i
(a) W(Z+i)=7 = WZ+iW=2 = iw=2—wz Complete method ofreananging M1
i to make z the subject.
iw .
= iw=z(1-w) = z= _iw
1-w) Z_(l—w) Al aef
|z| =3 = W _ 3 Putting |z in terms of their W| =3 | dM1
-w
iw=3)1l-w = [w=3w-1 = [w =9w-1
= Ju+iv] =9u+iv-1[
Applies W=uU + iV, and uses
Pythagoras correctly to get an
= U +v' =9 [(u -1’ + V2] equation in terms of U and v ddm1
without any i's.
Correct equation. | Al
= U’ +Vv =9u> —18u + 9 + 9V’
= 0=8u"—18u+8v’ +9
Simplifies down to
—ut-2 2,09
=>0=U"-FU+V +3 WV kol BV E S =0, dddm1
=S U-2) -84V 4+2=0
S U-2)Y +v? =g
. . One of centre or radius correct. | Al
Circl tre (2, 0), radius 2
(Circle} centre (3 0). radius § Both centre and radius correct. | Al
€)
(b) v Circle indicated on the Argand
diagram in the correct position | g1 ft
// in follow through quadrants.
m / Ignore plotted coordinates.
% u Region outside a circle indicated | B1
ly.
2
[10]
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7. (a) Sketch the graph of y=|x?>—a?|, where a> 1, showing the coordinates of the points
where the graph meets the axes.
(2)
(b) Solve |x*—a*|=a*~x, a>1.
(6)
(c) Find the set of values of x for which |x*—a?|>a*~x, a>1.
“)
|\ J
20
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Q7 yz‘xz—a2,a>1
(@) 4
a2
Correct Shape. Ignore cusps. | B1
Correct coordinates. | B1
—-a O a §
(2)
(b) ‘x2—a2‘=a2—x,a>1
{X>a}, x-a’=a’-x x> —a’=a’-x | M1 aef
= x +x-2a*=0
5 Applies the quadratic formula or
2
= X = “lEy 1o 4d2a) completes the square in order to | M1
2 find the roots.
2
Loy -1+.1+8a L ]?:,oth co.rrect Al
> simplified down” solutions.
-x*+a’=a’-x or
{|x|<a}, —-x*+a*=a’-x ., , | M1 aef
X’ -a’=x-a
(= X -x=0=x(x-1=0}
= x=0,1 =0 1Bl
=1 | Al
(6)
(c) ‘xz —a2‘>a2 -x,a>1
1-J1+8a 1414832 X is less than their least value | B1 ft
X< ) tory x> ) X is greater than their maximum B1 ft
value
or! 0 | For {|x| < a}, Lowest < X < Highest | M1
or <x<
0<x<1 | A1
4)
[12]
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8.
d’x  _dx _
— +5—+6x = 2"
dt dt

Given that x = 0 and %:2 atr=0,

(a) find x in terms of .

®

The solution to part (a) is used to represent the motion of a particle P on the x-axis. At
time ¢ seconds, where >0, P is x metres from the origin O.

(b) Show that the maximum distance between O and P is wm and justify that this
distance is a maximum. 9

)

24

— AL 0 0 O
M 3 51 4 4 A 0 2 4 2 8
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Q8 2
X s ex =20t x=0, %22 att=0
dt dt dt
(@) | AE,m? +5m+6=0= (m+3)(m+2)=0
: ( X )
=> m=-3,-2.
L . Ae™' + Be™', where m = m,. | M1
So, X, =Ae” + Be N o
Ae™ +Be™ | Al
2
x=ke' = Fo ket o X e
dt
Substitutes k e into the
= ke +5(-ke") +6ke" =2¢" = 2ke" =2¢" differential equation given in the | M1
= k=1 question.
Finds k =1. | Al
{So, Xy =€ }
So, x=Ae”" +Be™ +¢ their X, + their X,, | M1*
dx
Finds — by differentiati
dx C3Ae  IBe _ o inds m y differentiating | ..,
dt their X and their X,
t=0, x=0= 0=A+B+1 Applies t =0, x=0 to X
dx dx
0.2 = = ddm1*
t:(),%:z: 27— _3A-2B-1 and t O’dt 2 to " to
form simultaneous equations.
2A+2B=-2
-3A-2B=3
= A=-1,B=0
So, x=—e"'+e" X=—e'+e"' | Al cao
8
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X=—e"'+e"
b
(b) Differentiates their X to give X
% 3¢t t_0 dt M1
B dx
dt and puts — equal to 0.
dt
3-¢e?=0 A credible attempt to solve. | dM1*
=t=1In3 t=21In3 or t = In/3 or awrt 0.55 | Al
3 1 137 133
So, X=—e 2™ 4™ = g7 4’
Substitutes their t back into x
. and an attempt to eliminate out
X=-37+3" the In’s. | ddM1
11 2 23
= NN 35k 9 uses exact values to give % Al AG
2
% =9 trel Findsﬂ
dt?
: and substitutes their t intoﬂ dM1*
At t z%ln?), ? =-9 i3 + ¢ 73 dt2
IS 9 1 3 1
=-93)*+3?% =— +—==-
NERNC NN
d’x 9 1 2 9 1 .
As — = ——+—==9—¢ <0 ——— 4+ — < 0 and maximum
it 33 B3 { V3 } 33 3 Al
then x is maximum. conclusion.
(7
[15]
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