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1. (a) Express in partial fractions.

ey 0

(b) Hence, using the method of differences, show that

n

2 1 B n
(r+3)(r+4) - a(n+a)

r=1

where a is a constant to be found.

“ S))
1

(c) Find the exact value of ZW
=15 () i
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Mark (a) and (b) together — ignore labels
1(a) 1 _ 1 _ 1 Cao No working needed — ignore B1
(r+3)(r+4) (r+3) (r+4) any shown
1)
11
b r=1: —-=
(b) 4 5
5 6
1 1 1
r=n-— -
(n+2) (n+3)
First 2 and last term or first and last
2 terms required.
1 1 Must startat r =1
F=n: - (First term complete, 2" and last M1
(n+3) (n+4) may be partial or last term
complete 1% and penultimate
partial.)
: 1 1 1
Z— =—-— Cancel terms. M1A1l
= (r+2)(r+3) 4 (n+4)
n 1 n Find common denominator, dep on | dM1
Z— = second M mark
1 (r+2)(r+3) 4(n+4) Cso (All M marks required) Alcso
(a=4) Need not be shown explicitly %)
NB: 1 All marks can be awarded if work done with values 1,2,...r and then r replaced with
) n; if no replacement made, deduct final A mark.
1
2 —= with NO other working gets MOM1A1M1AQO max
4 (n+4)
i 1 30 14 Accept N =30 and n =14 only
(© = - in their answer to (b) M1
Exact answer 4 implies method
=—  oe (exact) i ) 153 ) Al
153 provided no incorrect work seen in
().
)
Use the method of differences again, starting at
ALT r =15 and ending at r = 30 Complete method M1
=——  oe (exact) Correct answer Al
153
Total 8
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2. A transformation from the z-plane to the w-plane is given by
1-1z
w = ) z#0
z
The transformation maps points on the real axis in the z-plane onto the line / in the
w-plane.
Find an equation of the line /.
C))
|\ J
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2 z=x+iyand w=u+iv used. Candidates may use any suitable letters.
1_ix Replaces at least one z with x
I=XD>w="—-— ie indicate that y =0 (may be done M1
X later )
1 . 1-ix .
w= ;—I or w= » oe Reach this statement somewhere Al
1 w=u+Iiv and equating real or
u+iv==——i imaginary parts to obtain either u or v M1
X in terms of x or just a (real) number
v=-1 oe
1 v=-1lorv+1=0 oe Al
(u == need not be shownj ie equation of the line
X
NB If X+1Y has been used for z and then also for w allow M1A1IM1AO max.
(4)
1 1 u-iv4)) Multiplies numerator and denominator
ALT1 |I1=——=—T—=— > . M1
WHi u+iv+i U+ (v+1) by complex conjugate.
u—i(v+1
! ( )2 AL
u“+(v+1)
vV+1 _
(y:0:>) 2( ) _=0ov+1=0| Usesy =0 and faqu.ates real or
us+(v+1) imaginary parts to obtain either u or v M1
in terms of x or just a number
v=—1orv+1=0 oe Al
NB 1 If X+1y has been used for z and then also for w allow M1A1M1AQ max.
2. M1AOM1AL is possible 4)
ALT2 | |z+i[=|z-]]
1 1 M1: Use of real line and attempt to
— = —.—l‘ substitute | M1 Al
W+l W+l Al: Correct substitution
1+wi-1)  [1-wi+l
Wi | Wi
|Wi| _ |2—Wi| Common denominator and equate M1
numerators
|W| _ |W+ 2i| Equation of the line —any form Al
accepted
(4)
1
ALT3 | z=—
Wi
1 Re-arrange equation and state that
z lies on real axis = —— isreal 1 . M1
W+ —— isreal
Wi
= w-+i isreal Deduce that w+i is real Al
. . i Replace w with u+iv (any letters inc
w=u+iv, u+i(v+1)isreal _ M1
x+1iy allowed here)
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v+1=0 Deduce equation of the line Al
(4)
ALT 4 | Choose any 2 points on the real axis in the z-plane:
1-i .
Z=a:w, :Ta Any one point M1
z=b:w, = % Any two points Al
1 N
W, —g—l W, :B_I Simplify both M1
v=-1 oe Any letter (incy) allowed here Al
NB The work can be done using arguments to find the equation. If seen, send to

review.

Total 4
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T ®w T
3. (a) By writing — = — — —, show that
(@) Byw & 12 3 4 v
T 1
i) sin| —|=—(v6 —+2
(1) s1n(12) 4( )
.. T 1
— | =—=(v6 ++2
(11) cos(lz) 4( )
(b) Hence find the exact values of z for which

z4 = 4(cos£ + isinz)
3 3

Give your answers in the form z =a + ib where a, b € R

C))

S))
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(T T ain T T T T Correct expansion for sine,
Sm(g _Zj =sin 3 cos 4 cos 3 sin 4 including surd values for all 4 trig
3(a) > 1 M1
sin = :ﬁﬁ_lﬁ functions. -5 o VA accepted
12 2 2 22 2
, z 6 2 1 "ok Completion to given answer:
@ S'nﬁ_T_T_ﬂ%_‘ﬁ) No errors seen, cso | /"¢
Correct expansion for cosine,
T 7 T T . . T including surd values for all 4 trig
Ccos 372 =cos§cosz+sm§smz 2 L M1
functions. —— Or —= accepted NB Al
r 1¥2 32 2 \/E on e-
o 292 + > 5 OR other complete method | PEN
eg using sin@+cos’ @ =1
N ) N2 6 1 % Completion to given answer:
(i) COS(E) T4 + 4 Z(‘/g-" “ﬁ) No errors seen, cso Alcso
(4)
(b) Allow all marks using EXACT calculator values for the trig functions. Decimal
answers qualify for M marks only.
Use a valid method to generate at
74 = 4(cos[2kﬂ +%) +isin (2k;z + %D least 2 roots (eg use of 2kz or
[ ﬂ] rotate through % multiply by I, M1
i| 2kz+=
OR z'=4e" ° symmetry)
. Application of de Moivre’s
7 kr 7\ .. (kr =& theorem resulting in at least 1 root
— N4 o - 4
z=4 (cos( > +12)+|5|n( 5 +12D being found. "
1 .[k;z ﬂ) (4—> J2 and arg divided by 4)
_giplz 1 1
OR z=4%e 44 or /2 accepted
Any correct root (this is the most
likely one if only one found)
Can be in any exact form
(k=0-) 1
( (4% or \J2 oe)
T .. T i| = Can be unsimplified using results
z= ﬁ(cosﬁ +isin E) or \/2e 12] from (a) ie
J2 NG iv2
' X2 (Je+2)+2X5(J6-+2) |BL
o B(F) ) |
o2 1 =
_ with — or —= or 4 * oe
0r1+\/§+i 1443 oe 4 22
2 2 Or simplified/calculator values
ie 1+2*/§+i _1+2*/§
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r .. Ix i%’
{(k=1—>)z=ﬁ(c055+|5|nﬁj orﬁe( )}
:g(ﬁ‘ﬁ)+$(£+ﬁ) or L1-\B)+ 1 (1448)

13~ .. 13x illiz”
{(kzZ—))Zzﬁ[cosEHsmEj or Ze( )}
zg(ﬁﬂﬁ) If([ V2) or ~L{14B) (1)

o o9 o J5el
{(sz—))Z:ﬁ(cosEHsml ]orfe( j}

6 2) (B ) or J(445)- (149

Two correct roots in form a + ib unsimplified or calculator values, must be exact surd
form

Al

All 4 correct roots in form a + ib unsimplified or calculator values must be exact surd
form.

Al

®)

Total 9
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4. Use algebra to find the set of values of x for which

|x2 = 2| > 4x

(7
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4. X —2| > 4x
—20 e
ey /‘/
10 e
2 A ’ 2 4 6
7 -10

Note: Candidates may include a sketch such as the one shown at some point in

their working. Please be aware that this sketch without algebra used to find the

critical values merits 0 marks. Marks may be only be awarded for the algebra

used
NB First 4 marks are available with =, > or < used

Form 3 TQ and attempt to solve -

X*-2=4x @ may be implied by correct value(s) M1
(allow decimals 4.449 ,-0.449..)
Correct exact values or value
X= Zi\fé or 2+\f6 (NB: Corresponding 3TQ must have Al
been seen)
Form 3 TQ and attempt to solve -
X*—2=-4x @ may be implied by correct value(s) M1
(allow decimals -4.449 ,0.449..))
Correct exact values or value
X:—Zi\fé orx:—2+\/6 (NB: Corresponding 3TQ must have Al
been seen)
Forms at least one of the required
x > larger root of ® inequalities using their exact values |\,
or x < larger root of @ Must be a strict inequality
Depends on either previous M mark
One of x<—2++/6 or x>2++/6 Or exact equivalent | Al
No others seen. Exact equivalents
Both of x<—2++/6 or x>2+6 allowed Al

Allow “or” or “and” but not M if set
notation used
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Square both sides and attempt to
2 9\2 _1py2 solve quadratic in x> may be implied
ALT (x"~2)" =16x by correct value(s) M1
(allow decimals 19.79... -0.202..)
x2 =10++/96 x2=10+46 e | Al
X=21+6 X=-2%+6 _ : .
\/_ and \/_ N Valid attempt required to find exact MLAL
(x =2+6 and x=-2+6 sufn(:lent) form for x e.g. (a++/b)? =10++96
X > largest root )
As main scheme dM1
or x < 2nd largest root
As main scheme As main scheme Al Al
Total 7
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S. d?y dy
— +3x—-3)y* =
7 dx? dx 7
. B B dy
Given thatat x =0,y =2 and — =1
dx
3
(a) show that, at x =0, dy _3
dx3 2 (6)
(b) Find a series solution for y up to and including the term in x3
3)
\_ J

— AR TR 0 OO
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dy L dy o
5. —+3x—-3y" =0
y dx? dx y
d3y dy dzy M1: Use of Product Rule on yg y 2 terms added
(a) dx® P dx dx? with at least one term correct. 2 M1,Al
Al: Fully correct derivative of y 3—)2/
X
d’y ,dy C derivative of a2y Y
3x—2 432 orrect derivative of 3y =Y B1
dx*  dx i
—6yd—y oe. Bl
dx
d?y d? d
At x=0 2d_+3(0)(1) 3(4) = 0:>d_y Sub x=0,y=2 and d—izl
X
and (must use these values)
ey e leading to numerical values | M1
25y L (1)(6)+30)-6()(1) =0= Y = d2y dy
ax? dx’ for — and —
dx dx
3
d_y = g** Given answer cso Alcso(6)
d 2
ALT 1 | Divide by y before differentiating:
2
@ | L XY gy
dx* y dx
dy
3y=3x dx dy 3x dzy M1 Use of Product Rule on 3_xx(;_y’ 2
2 oe y X M1A1
y dX y dx terms added with at least one term correct
Al Correct derivative
3
dy 0 B1
dx®
- d_y oe Bl
dx
Sub x=0,y =2 and d—yzl
dx
d®y (3x2-0 dzy d®y | (must use these values)
dx® 2 x1+0x——5—-3x1— d_ — -1 leading to numerical value for M1
3 2
d—Z (value for d z/ not
dx X
needed)
3
d_Z = g** Given answer cso Alcso
x> 2
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|
ALT 2 | Re-arrange and divide by y before differentiating:
2 1
ay_ —(3y2 _3W xj
dx® vy dx
3 B1,
Bl d—g
dx
M1 Differentiate using M1A1,
d’y 1(. dy _dy d’y product rule. 2 terms added
—,=+—| 6y—-3—=-3x— |, .
ax® y dx  dx dx? with at least one term correct
1 d d AL
y( 2 yj 2
———=| 3y —-3x— 1 dy _dy dy
2
dx dx +—| 6y —=—-3—>-3x—-
y y( Yax “ax T ax
ldy(, , dy
Bl -——| 3y"-3x— Bl
y> dx ( Y dx
dy 1 Sub x=0,y=2 and d_y:1
—% == (6x2x1-3x1-3x0x6) dx
ax® 2 (must use these values)
1 d3y leading to numerical value for | m1
——><1(3x4—3><0><1):>—3=... dy d?y
4 dx —2 (value for —5- not
dx X
needed)
3
d_i/ = §** Given answer cso Alcso
x> 2
_ Use the given values to form the
(b) (y=) 2+x first 2 terms of the series Bl
2
Find a numerical value forW
3 (may be seen in (a)) and use
(y=) 2px+ 2342y (+...) _ _ 3 M1
21 3! with the given value of W to
form the x? and x® terms of the
series expansion
Follow through their value of
d2
— used correctly.
y= 24 X+3%% 42X (+...) dx’ ’ Alft
4 Must starty = ...
Allow f(x) only if this has been
defined anywhere in the
guestion to be equal to y
(©)
Total 9
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6. (a) Find the general solution of the differential equation
d? d
6d_)2; +5d_y — 6y =x— 6x2
. . . ) dy 3
(b) Find the particular solution for which y =0 and — = — when x =0
dx 2
6))
\_ J
20
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2 d
6.(a) 6= +5-) Gy =x—6x’
dx dx
6m’ +5m—6=0=(3m—2)(2m+3) =0 M1 Forms and solves
2 -3 auxiliary equation M1A1l
m=3> Al Correct roots
CF of the form shown B1ft
p 3 formed using their 2 real NB Al
3 2 roots
Complementary Function ~ Ae® +Be ? . . on e-
Can be awarded if seen in PEN
gen solution
Particular Integral ~ (y =) Cx*+Dx+E May include higher powers | B1
dy dzy Differentiates their PI twice
—2 =2Cx+D, — = 2C All powers of x to decrease M1
dx dx by 1
6(2C) +5(2Cx+ D) —6(Cx* + Dx + E) = —6x" + X
—6C =-6 Substitutes their derivatives
B into the equation and equates
10C-6D=1 at least one pair of M1
12C+5D-6E =0 coefficients
Cc=1
10-6D=1=>D= 3 Attempt to solve 3 equations.
2 Must reach a numerical M1
3 13 value for all 3 coefficients
12+5[— -6E=0=>E=—
2 4
General Solution _
2 3 3 13 Must starty = ... Al
y=Ae® +Be ? +X +=X+— cao
2 4
(8)
dy 2, % 3_ % 3 Differentiates their GS — min
= _Zpp3 _SRBe? e
(0) dx - 3 Ae 2 Be * +2x+ 2 4 terms in their GS M1
_o,ﬂzﬁ,X—O O=A+B+E .
4 Forms 2 simultaneous
equations using given M1
3 _ 2 A—§ B +§ boundary values
2 3 2 2
4A+4B =-13,4A-9B =0 Attempt to solve M1
, Mustreach A=... orB=...
A= —%, B=-1 Both correct Al
3 13 9% % Must starty = ...
y:X2+EX+__Ze3 —e?2 - ¢ Al (5)
Total 13
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7. P

» [nitial line

Figure 1

V3UY SIHLNIZLMMIONOG =

The curve C shown in Figure 1 has polar equation i

r=2+x/§cos& 0<O<2n

The tangent to C at the point P is parallel to the initial line.

(a) Show that OP = l(3 ++/7)
2 ©)

(b) Find the exact area enclosed by the curve C.

(6)
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7.(a) r=2++/3cosé
Way1 | y=rsind=2sin6+3cosdsind Multiplies r by sin & B1
dy M1 Differentiates using product
[—j:20059+\/§coszt9—«/§sin26’ rule M1A1
do Al Correct derivative
2cosf + \/§C032 60— \jg(l_ C032 9) =0 Use Sin2 0+ C()S2 6 =1 to form
a3TQ in cosé and attempt to M1
2\/3c0s? @ +2c0s0—+/3=0 solve. Reach cos@=...
_2+./28 Accept = or +
cosf = J_ 3 Any exact equivalent — need not Al
43 6 be simplified.
I Must show substitution of
OP=r= —2+428 _ 1(3+\/_ ) correct, exact cos@ in Alcso
4 2 r= 2+»\/§cos¢9
(6)
Way2 |y= rsin&:(2+\/§cos(9)sin(9 Leaves y as a product B1
dy M1 Differentiates using product
( j (2++/3cos)cos@—+3sinGsind | rule M1A1
do Al Correct derivative
2cosé + \ECOSZ o— ,\ﬁ(l_ C032 0) =0 Use Sin2 0+ COS2 6 =1 to form
, a3TQ in cosé and attempt to M1
24/3c0s? +2c0s6—/3=0 solve. Reach cosé =...
_2+./28 21 -3 Accept £ or +
cosf=———— or u Any exact equivalent — need not Al
43 6 be simplified.
s Must show substitution of
OP=r=2+ ﬂ = 1(3+ ﬁ) correct, exact cos@ in Alcso
4 2 r=2++/3cos@
(6)
Way 3 y= rsingzzginmﬁsin 20 Uses a double angle formula B1
2
( dy j 2cos 0 ++/3¢c0s20 M1 Differentiates MI1AL
do Al Correct derivative
Use a double angle identity to
2C089+\/§(2C082¢9—1)=0 forma 3TQ In (;OSH.
cos260 =(2cos” 6-1) M1
2
2/3c0s® 0 +2c0s0—/3=0 Attempt to solve their 3TQ.
Reach cosé =...
—2+./28 21-3 Accept £ or +
c0sf =—————  or Eoe Any exact equivalent — need not Al
43 6 be simplified.
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Must show substitution of
OP=r=2+ _2+—\/§ - l(3+ ﬁ) ** correct, exact cos@ in Alcso(6)
4 2 r= 2+»\/§cose
Way4 | y=rsing
dr : o
— =—/3siné Correct derivative B1
do
dy ) dr . . . :
— |=—sIn@+rcosd Differentiate using product rule M1
dg) dé
d . Correct derivative as a function
(—yj:— 3S|n26’+(2+\/§0039)cos€ 0 Al
do of
_\/5(1_0052 0)+ 2C050+\/§C032 0=0 Use Sin2 0+C032 6 =1 to form
, a 3TQ in cosé and attempt to M1
2\/3c0s? 0 +2c0s0—+/3=0 solve. Reach cosé@=...
—2+./28 21 -3 Accept £ or +
cosé = or V213 oe Any exact equivalent — need not Al
INE 6 be simplified.
Must show substitution of
OP=r= 2+_2+—\/§ _ l(3+ ﬁ) ** correct, exact cosé in Alcso
4 2 r=2++/3cos@
(6)
Special |y _rcosg NOT X=rcosd
Case
rcosd =2c0sf++/3cos’ @ BO
dy . - Differentiates M1
(@ = | ~2sin-2y/3singcos 6 Cannot obtain correct derivative A0
No further marks available
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(b)

(2+\/§cos:9)2 —4+4.3c0s0+3c0s’ 0

Attempt to find r?as a 3 term
quadratic and use a double
angle formula

cos? @ = i%(cos 20+1)

M1

= 4+4\/§c039+g(c0329+1)

Correct result

Al

Jr2d0:46?+4«/§sin0+3(%sin 29%0}

oe

dM1 Attempts to integrate their

r Depends on first M of (b)
cos@ — £sind

c0s26 —> +ksin20 k =1 or %

Al Correct integral

dM1A1

Check the integration carefully as the sine terms become 0 when limits

substituted.

12z 1
Ejo r'do =2(87+37-0)

Substitutes correct limits in
EJ‘Zﬂrzdé’ or (injrrzde
2790 2 )v0

or %J: r2de

ddm1

Correct answer must be exact
Accept 5.5z
No errors in the working

Alcso

(6)

Total 12

NB:

%joz”rzde - %j02”(2+\/§0039)2d¢9 —

11
— T
2

Integral evaluated on a calculator.
Correct answer — send to review.
Incorrect answer — 0/6
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(

LeaveN
blank
8. (a) Using the substitution ¢ = x?, or otherwise, find

J2x56‘x2dx
(6)

(b) Hence find the general solution of the differential equation

d
x—y +4y = 2x2e
dx

giving your answer in the form y = f(x).

“

VAUV SIHLNIZLYMIONOG

Given that y =0 when x =1

(c) find the particular solution of this differential equation, giving your solution in the
form y = f(x).
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Question
Number

Scheme

Notes

Marks

8.

I 2x%e* dx

()

1
t =x* = dt =2xdx or dx=%t 2dt  oe

May be implied by
subsequent work

M1

J' 2x%e ¥dx = _[tze’tdt

Integral in terms of t only
required. dt may be implied
Must have attempted to
change dx to dt (ie not just
used dx = dt)

M1

- _t% 4 2J.te’tdt

Use of integration by parts
Reduce the power of t.
Sign errors are allowed.

f ktPe™ — +ktPe ™ + Aj't"’le*tdt

M1

=—t’%e ' —2te"' +2 .f e 'dt

Use of integration by parts
again in the same direction

dM1

=% -2te" -2 (+C) oe

Correct integration,
constant not needed

Al

2 2 2
=—x'e™ —2x%¢ ¥ -2 (+C) oe

Reverse substitution,
constant not needed.
This mark cannot be
recovered in (b)

Al

(6)

ALTs

Attempts without substitution which may merit part marks — send to review.

dy

X—+4y=2x"e

dx

2,.-x?

(b)

4
Integrating Factor el _ o

Use of x* seen

Bl

%(x“y) =2x% or x'y= I2x5e’xzdx

Multiply through by their IF

M1

Xty =—x‘e™ —2x%™ — 26 (+C)

Use their answer for (a),
which must be a function of
X, to integrate RHS

Alft

2% 2% C
_ _e_xz & cE -
y= XZ X4 X4

Completetoy = ...
Include the constant and
deal with it correctly
Not follow through

Al

(4)
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Question Scheme Notes Marks
Number

Use the same substitution as in ()
ALT: | Following work uses the work shown in (a) rather than just the final answer.
No marks until a first order exact equation in y and t reached and an attempt is
made to solve this.
1
t = x* = dt = 2xdx or dx :%t 2dt,
dy = dy X dt xﬂ = 2td—y Equation becomes 2t$ +4y=2te"
dx dt dx dx dx
2
Integrating Factor " 2 Use of t*seen B1
d _ _ .
a(tzy)ztze ¢ or tzyzftze ‘dt Multiply through by IF M1
20, 42t ~t -t Use their work in (a) to
ty=—te -2te” —2¢"(+C) oe integrate RHS Alft
Reverse the substitution
@ 2 Completetoy = ...
y=—e" - 262 _ 2e4 +£4 Include the constant and Al
X X X deal with it correctly
Not follow through
(4)
Attempt to substitute
ol oot x=1,y =0 into theiry M1
©) O=-e"-2¢ -2 +C provided it includes a
constant
NB: Not ft so must have
=C=5" oe been obtained using a Al
correct expression for y
, -X -X -1 Must starty = ...
y=—e" - 262 - 264 + 584 Follow through their C and Alft
X X X expression for y
©)
Total 13
Some common alternative forms for the answers:
NB: This list is not exhaustive.
1) —xe™X —2x%™ —2¢ 7 (+C)
2) e (—x*-2x*-2) (+C)
(a) 3) -~ (x4 + 2% + 2) (+C)
—(x*+2¢* +2)
4) . (+C)
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Rmber Scheme rotes tarks
2 2e—x Ze_xz C
1) y=- - %2 - x* F
2 2) C
2y (-2
(b) e, 2 2) C
3) y=-e" | l+—+—|+—
X X X
—(x*+2x*+2
4) y= ( 2 ) + S4
x‘e* X
e 26X 2e* et
) y=—e" - 2 N + ¥
2 2 2 5et
R e I
©) el 2 2 set
3) y:—e 1+?+F +7




