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1. Solve the equation
z3=32
Give your answers in the form 7(cos @ + isinf), where » > 0 and 0 < 0 < 27
6
J
2
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1 (z=)2o0r (z=)2(cos 0 +isin 0)
2(cosO+1isin0) or 2 or 2cos0 + isin0 or 2 + Oi Bl
Allow 2(cosOsx +isin0rx)
This answer in this form.
2.
2(0052_”“3”, 2_”] Do not allow e.g. 2e 5 but allow B1
2 .. . 27
2C0s— +2isin—
5 5
Attempts at least 2 more solutions
. 2
o e ok i ok (=234 whose arguments differ by?. Allow "
5 5 )0 this mark if the arguments are out of
range. May be implied by their
answers.
Note that this answer in general solution form can score full marks if
correct i.e. the A marks below can be implied.
2kzr . . 2k
Eg 2= 2(cos?ﬂ+ isin ?ﬂj,(k =0,1, 2, 3, 4) scores full marks
dr . . Ar
2| cOS— +1isin— Al: One further correct answer, allow
the brackets to be expanded.
6r .. b«
2 COS?-HSII’]? Al Al
g g Al: All correct, allow the brackets to
2| cos2Z +isin & be expanded.
) )
dr . . 4 67 .. 6
Do not allow 2| cos—= —isin— |or 2| cos 4z +isin 4z for 2 cos—ﬂ+|sm—”j
5 ) 5 5 ) )
2r . . 2%« 8r .. 8«
Do not allow 2| cos— —isin— | or 2| cos 2T +isin 2 for 2| cos—+isin—
5 5 5 5 5 5
Ignore answers outside the range.
For a fully correct solution that has extra solutions in range, deduct the final A mark.
Answers in degrees: Penalise once the first time it occurs.
Answers in degrees are: 0, 72, 144, 216, 288
(5)
Total 5
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2. Use algebra to find the set of values of x for which

x—4< 5
(x+3)  x(x+3)

€)
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5 X—4 < 5
(Xx+3) x(x+3)
Xx-4 __ > (<0) Collects expressions to one sid M1
x+3) x(x+3) ollects expressions to one side
x* —4x -5 M1: Attempt common denominator
——=(<0) : : M1A1
X(x+3) Al: Correct single fraction
x=0,-3 Correct critical values B1
x> —4x—5= (Xx=5)(x+1) =0 Attempt to so[ve their quadrati_c_ as far as
X = ... to obtain the other 2 critical M1
= X=... values
Way 1 x=-1,5 Correct critical values Al
M1: Attempts two inequalities using
their 4 critical values in ascending order.
-3<x<-1 0<x<5 E.g. a* x*b, c*x*dwhere*is
or e.g. “<vor "<fanda<b<c<dor dM1A1AL
equivalent inequalities. Dependent on at
(-3,-1 (0, 9] least one earlier M mark.
Al: All 4 cv’s in the inequalities correct
Al: Both intervals fully correct
Notes
Intervals may be separated by commas, written separately,  or “or” or “and” may be used but not M
All marks are available for correct work if “=” is used instead of = < for the first 6 marks
9)
Total 9
Multiplies by x? (x+3)2
Multiplies both sides by x? (x+3)°.
May multiply by more terms but must be
2 -4 <
X*(x+3)(x—4) =5x(x+3) a positive multiplier containing M1
X2 (x+3)2
M1: Collects expressions to one side
3 —4 2 _ < - - .
XX+ 3) — (X +3) =5x(x+3) =0 Al: Correct inequality (or equation) MIAL
x=0,-3 Correct critical values Bl
Attempt to solve their quartic as far as
X = ... to obtain the other 2 critical
Way 2 (X4 3 X —5) (X +1) = 0 = x = values. Allow the x and x + 3 to be
Ox+3)( X+ =0=x=... “cancelled” to obtain the other critical M1
values so may end up solving a cubic or
even a quadratic.
x=-1,5 Correct critical values Al
M1: Attempts two inequalities using
their 4 critical values in ascending order.
—3<x<-1 0<x<5 E.g. a* x*b, c* x*dwhere *is
or e.g. “<®or “<"anda<b<c<dor dM1ALAL
equivalent inequalities. Dependent on at
(-3,-1] v (0, 9] least one earlier M mark.

Al: All 4 ¢v’s in the inequalities correct

Al: Both intervals fully correct

)
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Draws a sketch of graphs
_ 5
T - yz_x 4and y=———
—6—5—4—3;&??( 123456 X+3 X(x+3)
[ /-5
|
Correct critical values (vertical
=0,-3
Way 3 X asymptotes) Bl
x—4 > Eliminat M1
= iminate
(x+3)  x(x+3) y
M1: Obtains quadratic equation
X(x—4)=5 - -
( ) Al: Correct quadratic equation MIAL
M1: Solves their quadratic equation as
X2 —4x-5=0=>x=-1,5 farasx=... M1A1
Al: Correct critical values
M1: Attempts two inequalities using
their 4 critical values in ascending order.
-3<x<-1 0<x<5 E.g. a* x*b, c* x*dwhere *is
or e.g. “< ‘f or “S’_’ anda_<_b<c<d0r M1ALAL
equivalent inequalities. Dependent on at
(=31 v (0, 9] least one earlier M mark.
Al: All 4 cv’s in the inequalities correct
Al: Both intervals fully correct
If the candidate takes the above approach and there is no sketch e.g. just cross multiplies to obtain the critical
values -1 and 5 then no marks are available i.e. the cv’s 0 and -3 must be stated somewhere to give access to

subsequent marks in this case.

Considers Regions:

Way 4

Considers x < -3 = x(x+3) >0
x(x—4)£5:>—1£ X<5

But x < —35s0 no solution

Considers -3<x<0= x(x+3)<0
x(x—4)25:>x25 or x<-1
But -3<x<0so 3<x<-1

Considers x>0:>x(x+3)>0
x(x—4)£5:>—1£x£5
But x>0 so O0<x<5

Can be marked as:

B1: Critical values 0 and -3

M1: Considers 3 regions

M1: Obtains quadratic equation
Al: Correct quadratic

M1: Solves quadratic
Al:cv’s-land 5

Final 3 marks as already defined.
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(a) Show thatr® —(r—1))=3r2-3r+1

(b) Hence prove by the method of differences that, for n € Z*

i”z _ n(n + 1);2;7 +1)

r=1

n(n+1)

[You may use ZV =

r=1

without proof.]

)

S))
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3.(a) rP—(r=1°=r*—(r’-3r’ +3r-1)
3 3 3 2 3 2 3 ]
orr= (-D)+ 5 r(=2) +(-1) Shows a correct expansion of (r-1)° or
a2 uses a’ b’ = (a—b)(a*+ab+b?) B1*
=3r°—3r+1* and achieves the printed answer with
, s or , no errors.
FPF—(r=-0"=(r"+r(r-)+(r-1°)
=3r° —3r+1~*
1)
(b) 3 3 Uses the method of differences. Must
n _3(”_1) . include at least r =1,2,....,n or
(”_1)3_(”_2) . r=1,....,(n—1), n. But may implied
n-2)y’-(n-3
(n=2~(n-3) by sight of > r®—(r—1)*=n’if ML
insufficient terms shown. If method is
3P _ 93 clearly other than differences (see note
2% _13 below), then score MO.The final A
P QP mark can be witheld if differences not
B shown i.e. just writes down n®,
n n n n
n’=3(3r"=3r+1)=3"3r - > 3r+ 1
r=1 r=1 r=1 r=1
) M1
Sets N° = Z:(3I’2 —-3r +l) and attempts to expand RHS
r=1
n n
Zl= n Zl= N seen or implied B1
=1 r=1
n
Rearranges to make kz r? the
n r=1
2 _ _ 3 n —
3;: rm=n(n-D{n+1)+ 2 n(n+1) subject and substitutes for Zr : dM1
B r=1
Dependent on the first method
mark.
n 1 . .
r?2 = =n(n+1)(2n +1) = Completely correct solution with no AL*
— 6 errors seen.
2n*+3n°+n 1
Allowe.g. —— " ==n(n+1)(2n+1)
6 6
| (5)
Note: May be seen in (b):
d 1 1
>l —(r—l)3 ==n*(n +1)2 —-=n? (n—l)2 =n’etc.
] 4 4
Scores a maximum MOM1B1dMOAO (not using differences)
Generally, there are no marks for proof by induction
| Total 6
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y=3e*cos3x + Ae ™ sin3x

is a particular integral of the differential equation

2
&y S d

o 1 + 10y = 40e™ sin3x
x x

where A4 is a constant.

(a) Find the value of 4.
)

(b) Hence find the general solution of this differential equation.

(C))

(c) Find the particular solution of this differential equation for which both y = 3 and

d
d—y=3atx=O
o @)

Leave )
blank
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4(a) y =3e " cos3x + Ae *sin 3x
d . .
= d—y =-3e " cos3x—9e *sin3x— Ae *sin3x +3Ae " cos 3x
X
(= (-3+3A)e " cos3x+(-9— A)e *sin3x) M1
Attempts to differentiate the given expression by using the product rule on
3e * cos3x to give ae cos3x -+ Be " sin3x or by using the product rule on
Ae "sin3x to give xAe * cos3x+ SAe *sin3x
2
% =(-24-6A)e *cos3x+ (18 —8A)e *sin 3x
(Terms may be uncollected) L dMm1
Uses the product rule again on an expression of the form e ™ sin3xor e ™™ cos3xto
give e cos3x+ fe* sin3x . Dependent on the first method mark.
d’y ,dy _ 7x i
e —2&+10y_(12—12A)e cos3X+ (36 +4A)e *sin 3x L M1
Substitute their results into the differential equation. (May be implied) ’F
Compares coefficients of \\
_ _ _ e *sin3xor e * cos3xand
12-12A=0 or 36+4A=40= A=.. attempts to find A. Dependent on raM1
the previous method mark.
= A=1 cao Al
®)
(b) M1: Forms and attempts to solve
. the Auxiliary Equation. See
2 — —
Marks m—2m+10=0=m=1+3i General Principles. M1AL
for (b) Al: Correct solution for the AE
can score (y =)e*(Ccos3x+ Dsin3x) _ _
anywhere Correct form for CF using their
. . or M1
in their (1+3i)x -3y complex roots from the AE
answer. (y=)Ce +De
y =€*(Ccos3x+ Dsin3x)+3e ™ cos3x +e* sin 3x
GS = their CF + their PI (Allow ft on their CF and P1) Alft
Must start y = ... and depends on at least one the M’s being scored and must have
been using a Pl of the form given.
(4)
(© —0v— _ _ Attempts to substitute x = 0 and
x=0y=3=3 C+3(:>C 0) y = 3 into their answer to (b) M1
Yy =(C +3D)e” cos3x+ (—3C + D)e* sin3x —10e * sin 3x
ax M1
Attempt to differentiate their GS with or without their C
Attempt to substitute x =0 and
3=C+3D Y _ 3into their ¥ M1
dx dx
y =€*sin3x+3e~* cos3x+e " sin3x Correct answer. Must starty=... | Alcao
(4)
Total 13
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— coszx b *
5. y=e
(a) Show that
d’ )
—J; = ¢05’x (sin? 2x — 2 cos 2x)
dx
C))
(b) Hence find the Maclaurin series expansion of e®** up to and including the term in x2
3
J
14
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5 y=e
(@) ﬂz—Zsin X COS Xe™ * = —sin 2xe

dx
MZ1: Differentiates using the chain rule to obtain an expression of the form

orsin x cos xe®™ or Bsin 2xe™ *
Al: Correct derivative

cos? x

COS2 X

-rM1Al

]

Note that candidates may use % (1+ cos 2x)instead of cos® x

2
cos? x

3 Z/ =—sin 2x(—2sin xcos xe* *) — 2 cos 2xe

X

Correct use of the Product Rule on their first derivative
Dependent on the first method mark.

Achieves the printed answer with no AL*

errors.
Alternative using logs:
2 1d :
y=e*=Iny=cos’ x:>—d—y:—23|n X COS X
y dx

=ksinxcosx or ksin2x Al: 1
y dx

-dM1

2
3 Z = e *(sin? 2x — 2cos 2x) *
X

M1: 1dy d—y:—ZSin X COS X
y dx
2
d—y:—ysin 2x:>d—¥:—d—ysin 2X—2YyCos2X
dx dx dx
M1: Correct use of product rule

2
d )2/ = e (sin? 2x —2cos 2X) *
dx
Al: Achieves the printed answer with no errors.

(4)

Both seen, can be implied by B1

dx ' dx? subsequent work.
2

f(x)=f (0)+xf’(0)+X?f”(0)+...

2
(b) Y _o 9Y_ 5

=% _sin 0e* °x +le°"52°(sin2 0—2c0s0)X* +...
2

_ ) ) 1 . ) M1

Applies the correct Maclaurin expansion, the "5" is required and there must

be no X’s in the derivatives.

This can be implied by their expansion but if the expansion in incorrect for

their values and the formula is not quoted, score MO.

(ecoszx)ze(l_Xer ) Or exact equivalent e.g. e—ex’ Al

(i.e. all trig. evaluated)

3)
Total 7
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6. Find the general solution of the differential equation
cosx 2 + sinx = (cos? x) In x 0<x<=
dx 7 ’ 2
Give your answer in the form y = f(x).
®
J
16
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6. cosxg—y+ ysin x = (cos® x) In x
X
Attempt to divide through by
dy . sinx _ cosxIn x cos X. If the intention is not clear, M1
dx Y COSX must see at least 2 terms divided by
COS X.
sinx, M1: ™ ") penendent on the
| :eI cosx” _ gInoosx first method mark. dM1A1
Al. e—lncosx Orelnsecx
1 or (cos x) " orsec x Al
COS X COS X
M1: y x their | =jQ(x)x their | dx or
y
= |Inxd . .
Cos X jnx X di(yxtheu’ I):Q(X)xthelr I
or X M1A1
d[ y j Al Y :Ilnxdxor
—| —— = Inx Cos X
dx | cos x
i( y J = Inx
dx | cosx
y Attempts I Inx dx by parts correctly
= XInx—x+C . M1
COS X (correct sign needed unless correct
formula quoted and used).
Any equivalent with the constant
y=(xInx—x+C)cosx correctly placed and “y = ...” must Al
appear at some stage.
Total 8
Note: Failure to divide by cos x at the start would mean that only the 3™
Method mark is available.
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7.
S P
\ 0 / Initial line
R 0
Figure 1
Figure 1 shows a sketch of the curve C with polar equation
3 5
r=4cos20, —Egegf and _n\@\_n
4 4 4 4
The lines PO, OR, RS and SP are tangents to C, where OR and SP are parallel to the initial
line and PQ and RS are perpendicular to the initial line.
(a) Find the polar coordinates of the points where the tangent SP touches the curve. Give
the values of @ to 3 significant figures.
)
(b) Find the exact area of the finite region bounded by the curve C, shown unshaded in
Figure 1.
)
(c) Find the area enclosed by the rectangle PORS but outside the curve C, shown shaded
in Figure 1.
)
. J
20
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5 P
7 . ) In|1_;Iine
R Q
(@ y=rsingd=4cos20sin0 Attempts to use sin @ M1
g—é =4cos26cosf—8sin20sin &
or
y =4(1-2sin’ 0)sin 0 = 4sin O —8sin> 9 = g—é =4c0s 6 —24sin? Hcos b Bl
. d . d
A correct expression for a or any multiple of &y
do do
. dy
Set their —Z = Qand attempt to solve to
%:o:9=... o ° P M1
obtain a value for 0
8
r=— (orawrt2.7
r= g 6=0.421, 6=2.72 Anyoneof: © 3 ( ) Al
or #=0.421...or =2.72...
Correct value for r and both angles correct.
May be seen as(§,0_421}(§,2.72j. Allow
3 3
8 (0_421, §)(2,72, §) but coordinates do not
=3 3 3 Al
0-0421 2.72 have to be paired and accept awrt 0.421, 2.72

and allow awrt 2.7 for % Ignore any other

coordinates given once the correct values
have been seen.

()
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(b)

Indication that the integration of (4cos 26)

A= _[ (4cos20)*do is required. Ignore any limits and ignore any
constant factors at this stage.

M1

cos® 26 = %(l+ cos46) A correct identity seen or implied.

Al

Integrates to obtain an expression of the form
a@+ [sin46 . Ignore any limits and ignore

any constant factors. Dependent on the first
method mark.

A=..[aO+ Bsin40]

dM1

A fully correct method that if evaluated
correctly would give the answer 4r. Note
1 % that the correct “constant factor” may only be
=16 {0 +=sin 49} applied at the very last stage of their working
4 0 and this method mark would only be awarded
at that point. Dependent on all previous
method marks.

ddMm1

Examples that could score the final M1 (following correct work):

1. T 1. T 1. T 1.7
16[6’+Zsm40} , 8{6’+Zsm40} ,8{9+Zsm49} ,16[49+Zsm449}

0

0 37
4

=4 cao

Al

()
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(c) Correct expression or value for PQ or PQ/2.
E.g. 2(2]% 2(%jsin 0.421,
PQ:2rsin0:% 6 & B1
Z(ZJSin 2.72,% or half of these.
May be implied by awrt 2.2 or awrt 1.1
SP
SP=8 or > =4 Correct value for SP or SP/2 B1
Area PORS = 16 .g[ - 64+/6 | | Their PQ x SP. Must be the complete M1
3J6 9 rectangle here.
MZ1: Their rectangle area — their answer to
128 part (b)
Required area = m—47{ Al: Correct exact answer or equivalent exact | M1A1
forme.g. #_47; or allow awrt 4.8 or 4.9
(%)
Total 15
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8. (a) Use de Moivre’s theorem to
(1) show that
cos 560 = cos’0 — 10cosd sin?O + 5cos O sin* 0
(i1) find an expression for sin 56 in terms of cos# and sin &
“
(b) Hence show that
5o £ =10 + 5t
an50 = —/————
564 =106 + 1
where ¢ = tan6 and cos 50 # 0
2
. . T T
(¢) Hence find a quadratic equation whose roots are tan? 5 and tan? S
Give your answer in the form ax? + bx + ¢ = 0 where a, b and ¢ are integers to be found.
(C))
T, 2x
(d) Deduce that tangtan? =5
2
. J
24
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8(a)()

c0s56 +isin50 = (c+is)’ = ¢® +5¢*is +10c’i’s® +10c%i°s® + 5¢i‘s” +i°s®

Attempts to expand (C + iS)5 including binomial coefficients (NB may only see real
terms here)

cos58 = Re(c +is)® = ¢® +10c%i’s® +5ci*s* = ¢® —10c>s” +5¢s*
Extracts real terms and uses i2 = -1 to eliminate i.

M1

c0s 560 = cos® @—10cos® @sin® & +5cos @sin* 6*
Achieves the printed result with no errors seen.

Al*

Alternative:
(z =cos@+ising, z*'=cos@—isin@, z" =cosné +isin ne)

5
(z+1j =7°+52* (1j+1023(%j+1022 (%)+52(%)+%
z z z z z z
(200549)5 =2c0s50+10cos36 +20cos &

5
1) e - 1
M1: Expands (z + —) including binomial coefficients and uses z" +—=2cosnd
z z

at least once to obtain an equation in cos
c0s56 =16¢0s’ 6 —5co0s 39 —10cos &

c0s36 =4cos’ —3cos @ = cos50 =16 cos® §—20cos’ §+15cos & —10cos &
M1: Uses correct identity for cos36 to obtain c0S56 in terms of single angles

5 . 2 5)\2 3
= Ccos 9+150039(1—sm 9) —20cos® 6 +5cos @
=cos® §—10cosdsin? @+15cosHsin* @
=00359+500393in49+1Ocos€sin2e(sinze—l)

cos56 = cos® @ —10cos® sin® @ +5cos Osin* 6*
Al: Achieves the printed result with no errors seen (may need careful checking)

(i)

sin50 =5cos* @sin @ —10cos” Gsin® @ +sin® @
This expression (or equivalent) with no i’s seen.
Note that some candidates may re-start and expand here as above.

Bl

(4)

(b)

sin50 _ 5cos’ #sin ®—10cos’ Osin® 6 +sin® @
cos50 cos® @—10cos® @sin® @ +5cossin® @

Uses tan56 — sin56
cos56

tan 560 =

and substitutes the results from part (a)

M1

_ 5tan@-10tan®O+tan® @ t°—10t° +5t

1-10tan’@+5tan*@®  5t* —10t> +1
Achieves the printed result with no errors seen.

Al*

Note that a minimum could be:
5cos’ #sin @—10cos’ Fsin’® +sin® O t°—10t>+5t
cos® §—10cos’ fsin® @ +5cosfsin’ @ 5t* —10t +1
Note that some candidates may work backwards which is acceptable:
t°—10t°+5t tan®6@—10tan’&+5tan o
9 5 10 41 5tan‘0-10tan’0+1
_ 5cos’ @sin@—10cos® sin® O +sin° &
~ cos® §—10cos’ §sin? @ +5cosPsin’ @

tan50 =

tan 56

2
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tan® 0 —10tan® 6+ 5tan @ This may be implied by
tan56 =0 or o' 10 g i1 =0 | tan*0#-10tan®*@+5tan6=0
£5 10t 4.5t or t°—10t* +5t =0 or M1
O ol tan* 0—10tan’ 6+5=0
or t*-10t°+5=0
Equate numerator to 0
tan® @ —10tan® @ +5tan 6 =0 This may be implied by
or t*-10t°+5=0
tan® @—-10tan’ 0 +5=0 )
10t 4520 Correct quartic Al
or — +5=
x? —10x+5=0 x* —10X +5 =0 or equivalent | Al
(4)
(d) Product of roots: tan? %tan2 2?” =5
Or solves " x2 —10x+5 = 0" and attempts to Must clearly state product of roots
ore.g. off =5 0r xiXo = 5 and uses
multlply roots together e.g. ; . ;
their constant in (c) or solves their | M1
_10£v100-20 ., 25 and quadratic and attempts product of
2 roots.
(5+245)(5-25)=
tan? Ztan? 2% =5 — tan ~ tan 2% = /5 * | Shows the given result with no Al
5 5 5 errors.
)
Total 12
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