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4.
A
Diagram not
50cm drawn to scale
v
Figure 1
A water container is made in the shape of a hollow inverted right circular cone with
semi-vertical angle of 30°, as shown in Figure 1. The height of the container is 50 cm.
When the depth of the water in the container is Acm, the surface of the water
has radius »cm and the volume of water is V'cm®.
1
(a) Show that V' = §nh3
1
[ You may assume the formula V = 3 nr?h for the volume of a cone.]
2
Given that the volume of water in the container increases at a constant rate of 200cm?s™!,
(b) find the rate of change of the depth of the water, in cm s™', when 4 = 15
Give your answer in its simplest form in terms of =.
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4. (a) T —tan30= r=htan30 :>r—L or r——3h
' h 3 3
L B L L Correct use of trigonometry
r tan 60 3 3 to find r in terms of h M1
) or correct use of Pythagoras
or —" :Lz _ hsin30 :rzl or :—3h to find r®in terms of h?
sin30  sin60 sin60 3 3
or h*+r’=(2r)*=r? =%h2
1 1 h Y 1 Correct proof of V =§7zh orV =§h T
{Vz—m‘zh S}VZ—ﬁ(—j h=V==zh®* 1 1 AL *
3 3 (3 9 Or shows §7rh3 or §h37z with some
reference to V = in their solution
[2]
(b) dv _
Wayl | dt =200
v _1 7h? 17rh20.e. Bl
dh 3 3
Either v\ dh
dv dh dV either | their — | x— =200
¢ I —x—= =200 dh
dh dt dt M1
{dh d—v—d—V:} d——ZOO 12 or 200 + theird—V
d dt dh dt iz dh
When g g o
ependent on the previous M
h =15, dh_ 200 x L > {z 200 _ 600 } mark dm1
t 17(15) 757 2257
dn_8 (cms™) 8 Al cao
d 3p 30
[4]
6
) 1Y o0 v =200t +¢ = S h® =200t +
Way2 | dt 9
1 .5
(% h jz&: — 200 éﬂ'h o.e. | Bl
asinWay 1l | M1
When g d N
ependent on the previous M
h=15, dh _ 200 x L 5 {: 200 _ 600 } mark dm1
dt 17(15) 757 2257
d_h = i (Cms'l) i Al cao
d 3p 30
[4]
MSB - Page 2
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Question 4 Notes

4. (a) Note | Allow M1 for writing down r =htan30
Note | Give MO AO for writing down r = % orr= % with no evidence of using trigonometry
on r and h or Pythagoras on r and h
Note | Give MO (unless recovered) for evidence of %nrzh =$7Z'h3 leading to either r? = %hz
or r= hv3 orr= n
3 3
(b) B1 | Correct simplified or un-simplified differentiation of V. E.g. %ﬂ'hz or gﬂ'hz
Note (:j_\r: does not have to be explicitly stated, but it should be clear that they are differentiating their
V
M1 their v x%:ZOO or 200 + theird—v
dh ) dt dh
dM1 | dependent on the previous M mark
Substitutes h =15 into an expression which is a result
of either 200 + (their d—Vj or 200 x ;
dh (their §)
Al 8 (units are not required)
3p
Note | Give final A0 for using v =-200 to give dh =— i unless recovered to dh = 8
dt dt 37 d 3z

MSB - Page 3
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6. Given that y = 2 when x = 3 solve the differential equation

d 2 1 1

v__ 1.1

dx  3cos’2x 2 2

giving your answer in the form y = f(x).
(6)
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2
6. ﬂ: y2 ;—1<x<£;y:2 at x=-2
dx 3cos“2x 2 2 8
Separates variables as shown
1 1 Can be implied by
_[ dy = 130052 2% x a correct attempt at integration Bl
Ignore the integral signs
J.izdy = Jlsecz 2x dx
y 3
iﬁz—w_rE; AB=0 | M1
y y
1 1(tan2x
——=§( > j{+c} +Atan2x | M1
y _l_l(tamxj AL
y 30U 2
Use of x=—-2 and y=2inan
-2 tan 2[—£j e . 8 Y
2 6 8 integrated equation containing a
constant of integration, e.g. ¢
1.1 +c=>Cc=-=
2
1 _ ltaan—l _ tan(2x) -2
y 6
y- -1 or y= 6 o y= 6cot 2x {—1<x<1} AL
ttan2x -1 2 —tan 2x —1+2cot2x 2 2 0
[6]
6
Question 6 Notes
6 B1 Separates variables as shown. dy and dx should be in the correct positions, though this mark
' can
be implied by later working. Ignore the integral signs. The number “3” may appear on either
side.
E.g. J.izdy = Jllsecz 2x dx or J.%dy = J‘+ dx are fine for B1
y 3 y COS” 2X
Note | Allowe.g. izd—ydx = 1sec2 2x dx for B1 or condone iz = lsec2 2x for Bl
y© dx 3 y 3
Note | B1 can be implied by correct integration of both sides
M1 ié—)iE; A B=0
y y
M1 —— or sec’2x — tAtan2x; 1#0
Cos” 2X
Al - 1 = l(tan ij with or without '+c'. E.g. —E =tan2x
y 30 2 y
M1 | Evidence of using both x = —%and y =2 in an integrated or changed equation containing ¢
Note | This mark can be implied by the correct value of ¢
Note | You may need to use your calculator to check that they have satisfied the final M mark
Note | Condone using X =% instead of x= —%
Al y=————— or y=——— or any equivalent correct answer in the form y =f(x)
stan2x -3 2 —tan 2x
Note | You can ignore subsequent working, which follows from a correct answer
MSB - Page 5
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Question 6 Notes Continued

6. Note

Lo dy y? dy 1, . :
Writing -+ = —-— = —Z ==vy“sec” 2x leading to e.g.
g dx 3cos’ 2x dx 3y g g

ey :%y3 (%tan ZXJ gets 2" MO for +4tan2x

1, dv du

e u==-Yy", —=sec22x:—=gy, v=ltan2x gets 2" MO for +Atan2x
3 dx dx 3 2

because the variables have not been separated

MSB - Page 6
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/x Diagram not

A \/ drawn to scale
200cm
S
hcm
P
v v

Figure 3

Figure 3 shows a vertical cylindrical tank of height 200 cm containing water.
Water is leaking from a hole P on the side of the tank.

At time ¢ minutes after the leaking starts, the height of water in the tank is 4 cm.

The height 4 cm of the water in the tank satisfies the differential equation

1
%:k(h—w, 9 <h < 200

where £ is a constant.
Given that, when /4 = 130, the height of the water is falling at a rate of 1.1cm per minute,

(a) find the value of £.
(2)

Given that the tank was full of water when the leaking started,

(b) solve the differential equation with your value of £, to find the value of # when /4 = 50
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Number Scheme Notes Marks
7. d—h:k (h-9), 9<h£200; h:130,d—h:-1.1
de dt
. . dh dh
Substitutesh =130 and either — = -1.1 or — =1.1
(@) -11=%+/(130-9) b k=.. dt dt M1
into the printed equation and rearranges to give k = ...
S0, kz—ior -01 kz—ior -0.1 | Al
10 10
[2]
(b) J- dh J- Separates the variables correctly. dz and d¢ should not be in
= | kdt the wrong positions, although this mark can be implied by | B1
Way 1 V(h-9) later working. Ignore the integral signs.
_1
v“(h—Q) 2.dh= I k dt
Integrates ———= togive =m/(h-9); I,m20 | M1
1 J(h-9) (h-9)
OO _ ki (re) (h-9)’ (h-9)’
(1) ~—= Kt or = (their k )z, with/without + ¢, Al
(3) (3)
or equivalent, which can be un-simplified or simplified.
Some evidence of applying both
{t =0,/ =200 ID} 24/(200-9) = k(0) + ¢ t =0 and 4 = 200 to changed equation | M1
containing a constant of integration, e.g. c or A 7
bc= 2,/191 b Z(h_g)% — _0.1t+ 2191 depe_ndent on the pre\_/ious M mark
Applies h =50 and their value of c to
{h=50=} 2(50-9) = -0.1t + 2191 their changed equation and rearranges | dM1
t=.. to find the value of t = ...
t = 204191 — 20+/41 t= 204191 - 20V4L isw | o1 oo
or t=148.3430145... = 148 (minutes) (nearest minute) or awrt 148
[6]
(b) % dh T Separates the variables correctly. d/ and d¢ should not be
=| kdt in the wrong positions, although this mark can be implied | B1
Way 2 /
y 200/(h—9) 0 by later working. Integral signs and limits not necessary.
50 1 T
I (h-9) 2dh =I k dt
200 0
Integrates — togive =m(h-9); I, m10
. )1 6 g =) 9 (h-9) M1
—0)2 T
=kt _9g)? _0Q)?
(%) [kt] (=9 i o 27 (their k)¢, with/without limits,
200 (%) ‘%' Al
or equivalent, which can be un-simplified or simplified.
Attempts to apply limits of 4 =200, ~ =50
241 -2 191= kt or kT and (can be implied) ¢ = Oto their changed equation | M1 7

241 -2\191 dependent on the previous M mark | .\, J
a 01 Then rearranges to find the value of t = ...

t = 204191 — 20+/41 t= 20191 - 20V/41 or awrt148 | .
or t=148.3430145... = 148 (minutes) (nearest minute) or 2 hours and awrt 28 minutes

[6]

MSB - Page 8
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Question 7 Notes

7. (b) Note

1 dz 1
—— 0or —=
kf(h-9)  dh (their k)\/(h - 9)

Allow first B1 for writing d—; = or equivalent

Note

o _ Ieadlng to = 1/(h Z9) (+ ¢) with/without + ¢ is BIM1AL
dn k,/(h -

Note

After finding k 0.1in part (a) it is only possible to gain full marks in part (b) by initially writing

dh _ - o dh A
\/j Okdtor—t- 0.14/(h 9)or0m 00.1dt

Otherwise, those candidates who find & = 0.1 in part (a), should lose at least the final A1 mark in
part (b).

dh \
— = =-k+(h-9) or
dr ( ) 0

MSB - Page 9
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4. The rate of decay of the mass of a particular substance is modelled by the differential
equation
dx 5
—=—-=x, t=0
dr 2
where x is the mass of the substance measured in grams and ¢ is the time measured in days.
Given that x = 60 when ¢ = 0,
(a) solve the differential equation, giving x in terms of 7. You should show all steps in
your working and give your answer in its simplest form.
Q)
(b) Find the time taken for the mass of the substance to decay from 60 grams to 20 grams.
Give your answer to the nearest minute.
3
. J
12
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4, %z—éx, xeR, x>0
dt
@) 1 5 Separates variables as shown. dxand dt should not
Way 1 J.; dx = .[_E dt be in the wrong positions, though this mark can be | B1
implied by later working. Ignore the integral signs.
Integrates both sides to give either +2 5 +alnx M1
X
Inx = —gt+c or +k — +kt (with respecttot); k, ¢ =0
Inx = —gt +c, including "+C" | A1
{t =0, X:60:>} In60=c Finds their ¢ and uses correct algebra
5
. 5 60 to achieve x — 60e 2.0 x — Bit
Inx=->t+In60= Xx=60e * or x=— _ _ CE
2 - g? with no incorrect working seen | Al cso
[4]
(a) ﬂ=—i ort=j—£dx Either$=—£ ort=J—£dx Bl
Way 2 | dx 5x 5x dx_ 5x 5x
Integrates both sides to give ML
either t=.. or alnpx;a#0, p>0
t=—=Inx+c >
t= —glnx +¢, including "+C" | A1
2 2 2 . .
{t -0, x=60 :>} c= g|n60 —t= _gmx + g|n 60 Finds their cand uses correct algebra
5
5 60 to achieve x = 60e 2 O x — 68
It 3
:>—§t=lnx—ln603 Xx=160e ? or X=— ith no i Ki e
2 _ o with no incorrect working seen | a1 cso
[4]
(a) J‘X 1 J‘t 5 .
—dx=| ——=dt Ignore limits | B1
Way 3 60 X 0o 2 g
Integrates both sides to give either +2 5 +alnx M1
X
t
linx] ={—§t} or +k — +kt (with respecttot); k, o =0
60 2 t
0 X 51| . . -
[Inx], = [—Et} including the correct limits | Al
0
5 —gt 60 .
Inx — In60 = _Et = X=160e > or X=— Correct algebra leading to a correct result | Al cso
- eZ
[4]
Substitutes x = 20 into an equation in the form
5 . — + ut + — iMia|n5X
(b) 20 = 60 2 or 120 = -2t +In60 of either X=£1e"" £ forx= £ 78 M1
2 or +aIndx =+t =B Or t==+AIndx + 3,
a,A,u,8=0and B canbe0
. _gln 20 dependent on the previous M mark
T 5 60 Uses correct algebra to achieve an equation of the form of
{: 0.4394449. . (days)} either t = Aln(%) or Aln(%) or Aln3or Aln(é) o.e.or | M1
= t=632.8006... = 633(to the nearest minute) | awrt 633 or 10 hours and awrt 33 minutes | A1 cso
Note: dM1 can be implied by t =awrt 0.44 from no incorrect working.
7

MSB - Page 11
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4, %z—éx, xeR, x>0
dr 2
@ 2 Separates variables as shown. dxand dt should not
Way 4 a dx = —| dt be in the wrong positions, though this mark can be | B1
implied by later working. Ignore the integral signs.
Integrates both sides to give either +a In(px) M1
2 or £k — tkt (withrespecttot); k,a=0; p>0
gln(Sx): -t+c 2
gln(Sx) = —t +c, including "+C" | A1
2
{t=0,x=60=} =In300=c
5 ; Finds their ¢ and uses correct algebra
5 _5
%In(Sx) = —t+ §|n300 = X=060e? or to achieve x — 60e 2.0 x — 65‘
S e5
60 with no incorrect working seen | Al cso
e
[4]
@ |fd__2 :IX_idX imi
Way 5 - Bx o 5x Ignore limits | B1
Integrates both sides to give either £k — +kt
. M1
2 x (with respect to t) or J_rﬁ—w_ralnx; K,a#0
t= [——In x} X
60 2 x
t= [—gln x} including the correct limits | Al
60
t= —glnx + gIn60 = —§t =Inx-1In60
5 5 2
-3 60 .
=X=60e 2 or X= & Correct algebra leading to a correct result | Al cso
- eZ
[4]
Question 4 Notes
) ] 1 1
4. (a) B1 | For the correct separation of variables. E.g. | = dx = ~3 dt
Note | B1 can be implied by seeing either Inx = —gt +C Or t= —%Inx + ¢ with or without +C
5 t
Note | B1 can also be implied by seeing [In x];O = [—Et}
0
ot 60 | ) )
Note | Allow Al for x=60ve™ or x= F with no incorrect working seen
e
. - _§[ —Et
Note | Give final AOfor x=e 2 +60 — x = 60e 2
5 5
Note | Give final AO for writing x = e 2' " as their final answer (without seeing x = 60e 2')
Note | Way 1 to Way 5 do not exhaust all the different methods that candidates can give.
5
Note | Give BOMOAOAO for writing down x = 60e 2 Or x — 62 with no evidence of working or integration
e2
seen.
(b) Al | You can apply cso for the work only seen in part (b).
Note | Give dM1(Implied) Al for gt = In3 followed by t = awrt 633 from no incorrect working.
Note | Substitutes X=40 into their equation from part (a) is MOdMOAO

MSB - Page 12
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7.

(a) Express 2z in partial fractions.

P-2)
3

A team of biologists is studying a population of a particular species of animal.

The population is modelled by the differential equation

ar _ lP(P —2)cos2t, t =0
e 2

where P is the population in thousands, and ¢ is the time measured in years since the start
of the study.

Given that P=3 when ¢t =0,

(b) solve this differential equation to show that

6

P=——
3 e5sin2t

(7

(c) find the time taken for the population to reach 4000 for the first time.
Give your answer in years to 3 significant figures.

©)

Leave )
blank

24
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Number

c |2 A, B
@ 1 5p2 " P (P2
2R ) B e Canbe implied. | M1
AL B ] Eitherone. | AL
. 1
ivin -=
giving P-2) P See notes. cao, aef | Al
[3]
P 1
b — ==—P(P-2)cos2t
R i L S
2_dp = |cos2tdt be implied by later working | B1
P(P_2) can be implied by later working oe
+AIn(P-2) = ulnP,
1 ( A);t Oﬂ #0 M1
In(P—2)—InP:§sin2t (+€) e S 1 Takthdl IR
INn(P-2)-InP==sin2t | Al
{t=0,P=3=} In1-In3=0+c {: c=-In3 or In(é)} See notes | M1
In(P-2)-1InP :%sinZt —1In3
in[ 3P =2 _ Lo
,,,,,,,,,,,,,,,,,, P
Starting from an equation of the form
+AIn(P-f) £ uInP =+Ksindt + c,
3(P-2) _ phsinat A, 8,K, 5 %0, applies a fully correct method to | 1y
P eliminate their logarithms.
Must have a constant of integration that need
_______________________________________________________________________________ not be evaluated (seenote) |
3(P-2) = Pe!"* =3P -6 = Pe*™ A complete method of rearranging to
ranot Lot make P the subject. dM1
gives 3P — Pe? =6 = P(B-e7"")=6 Must have a constant of integration
P 6 " _____that need not be evaluated (see note) |
C(3- ety Correct proof. | Al * cso
_________________________________________________________________________________________________________________________ [71.
() {population = 4000 =} P =4 States P =4 or appliesP =4 | M1
"""""""""""""""""""""""""""""" Obtains +Asin2t =Ink or +Asint =Ink, |
1. 3(4-2) 3 .
ESln 2t =1In 2 =In > A#0, k >0where Aand k are numerical | M1
_____________________________________________________________________________________ valuesand 4 canbel |
t = 0.4728700467... anything that rounds t_o 0.473 Al
...................................................................................... Do not apply isw here |
[3]
13

25
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Question Scheme Marks
Number

Method2 forQ7®0)
1.
7. (b) In(P-2)—InP =5sin 2t (+c) As before for... | BIM1A1

Starting from an equation of the form
tAIN(P-g) £ uInP =+ Ksindt + ¢,

(P-2) _ glinatee o (P-2) _ ppln A, 5K, 0 # 0 : _appliesanuIIy c_orrect 3rd M1
P P method to eliminate their logarithms.
Must have a constant of integration
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, that need not be evaluated (seenote) |
P_2) = AP — p_ AP 9 A complete methqd of rearranging to
( ------- ) = AP S - oA St make P the subject. Condone sign
2 slips or constant errors. Must have a | 4" dM1

Isin2ty _ . .
= PA-Ae"")=2 = P= - Ae™) constant of integration that need

2 See notes
{t=0,P=3=} 3= —— (Allocate this mark as the | 2" M1
______________________________ - A ) .. 2°MimarkonePEN).|
3= 2 A= 1

1- A 3

P2 p b,
[ 1 1sin2t] (3-e”") Correct proof. | Al * cso
1- Ze?
3
Question 7 Notes
A B
Forming a correct identity. For example, 2= A(P-2) + BP from —— = — +
7. (@) M1 g y p (P-2) P2 P (P2
Note | Aand B are not referred to in question.
Al Either one of A=-1or B=1.
Al P ! 2) —% or any equivalent form. This answer cannot be recovered from part (b).

Note | M1AL1AL can also be given for a candidate who finds both A=-1 and B =1 and é + (PB %)

is seen in their working.
Note | Candidates can use ‘cover-up’ rule to write down ) - % , S0 as to gain all three marks.
Note | Equating coefficients from 2= A(P-2) + BP gives A+B=2,-2A=2=A=-1 B=1

26
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7. (b) B1 Separates variables as shown on the Mark Scheme. dPand dt should be in the correct positions,
though this mark can be implied by later working. Ignore the integral signs.

2 1 1 .
Note | Eg: I 57 7p dpP = IcosZt dt or J dP = EJCOSZI dt o.e. are also fine for B1.

1M1 | £AIn(P-2)+ uInP, 2 #0, u=0. Alsoallow +AIn(M(P-2)) + uInNP; M,N can be 1.
Note | Condone 2In(P—2)+2InP or 2In(P(P-2)) or 2In(P?-2P) or In(P?-2P)

1%t Al | Correct result of In(P- 2)—InP:%sin2t or 2In(P-2)-2InP =sin2t

o0.e. with or without +c
2" M1 | Some evidence of using both t =0 and P = 3 in an integrated equation containing a constant of

3" M1 | Starting from an equation of the form +1In(P- B) + uInP = +Ksinst+c, 1,1,4,K,6 #0,
applies a fully correct method to eliminate their logarithms.

4" M1 | dependent on the third method mark being awarded.

A complete method of rearranging to make P the subject. Condone sign slips or constant errors.
Note | For the 3 M1 and 4™ M1 marks, a candidate needs to have included a constant of integration,

_ 6
(3 _ e%sinZt) '

Note In[@] = %sinZt + ¢ followed by (P-2)_

ond o1 | Correct proof of P = Note: This answer is given in the question.

— — lsin2t + —_ 1sin . .
IH[LPZ)] - %Sin2t+c - Q ginae  (P=2) o™ e i final MIMOAO

4" M1 for making P the subject
Note there are three type of manipulations here which are considered acceptable for making

P the subject.
3(P - 2) Lsin2t Lsin2t Lsin2t Lsin2t
(1) Mifor ——— =¢* " =3(P-2) =Pe?"" =>3P-6 =Pe*" " = P(3-¢"")=6
6
=P = Lsin2t
(8-e"7)
(2) M1 for (P2 _gwnm g O g g gem 8, 6
P P P (3_ eEstt)

1sin2t

(3) M1 for {In(P— 2)+InP= %sinZt +In3 :} P(P-2)= 3" = P? - 2P = 3
= (P-1)? —1= 3™ leadingto P =..
(©) M1 | States P =4 or appliesP = 4

M1 Obtains + Asin2t = Ink or = Asint =Ink, where A and k are numerical values and Acan be 1
Al anything that rounds to 0.473. (Do not apply isw here)

Note | Use of P=4000: Without the mention of P =4, %sin 2t=1In2.9985 or sin2t =2In2.9985
or sin2t=2.1912... will usually imply MOM1AOQ

Note | Use of Degrees: t=awrt 27.1 will usually imply M1M1A0
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