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(1) Given that

13-4 _ 4 , B . C
Cx+DX(x+3) @2x+1) @Q2x+12 (x+3)

(a) find the values of the constants 4, B and C.

(b) Hence find

13 —4x 1
dx, x>-——
2x+1)*(x+3) 2

(i) Find
J(ex +1)° dx

(iii) Using the substitution u* = x, or otherwise, find

j;ldx, x>0
4x + 5x°
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ol Scheme Notes Marks
Number

. 13 - 4x A B C
3.1 (2x+1)°(x+3) - (2x+1) " (2x+1)? " (x+3)
At leastone of B=6 or C=1
(a) B=6,C=1 B1
Both B=6 and C=1 | B1
13— 4x = A2x+1)(x+3) + B(x+3) + C(2x+1)* Writes d doni
_ _ _ rites down a correct identity
X= ij 25=2%C ?C 1 and attempts to find the value of | M1
X=—§:>13——2=§B —15=25B =B=6 eitheroneof AorBor C
Either x*:0=2A4+4C, constant:13=34+3B+C,
x.-4=74+B+4C or x=0=13=3A+3B+C Using a correct identity
leadingto A=-2 tofind 4=-2| a1
[4]
() 13—24x _ -2 N 6 _ 1 dx
2x+D)°(x+3) 2x+D) (2x+D)°  (x+3)
-2) 6(2x+1)" See notes | M1
=—=In(2x+1) + ——— + In(x+3) {+c} -
2 (-D(2) At least two terms correctly integrated | Alft
oe. Correct answer, 0.e. Simplified or un-
_ B 1 simplified. The correct answer must be
{==In@x+1) - 32x+1) ™ + In(x+3) {+ c}} <tated on one ling | AL
Ignore the absence of ‘+ ¢’
[3]
(i) {(ex +1)° =} e¥ +3e* +3" +1 e¥ +3e? +3e* +1, simplified or un-simplified | B1
At least 3 examples (see notes)
) . M1
1 3 of correct ft integration
X 1 3d _ = 3x ~ 2X 3 X
{J‘(e +1) x} 3e +2e +3e* +x{+c} £e3x+§e2x+3ex+x,
3 2 Al
simplified or un-simplified with or without
+c
[3]
1 3
(iii) —dx, x>0; u"=x
4x +5x°
du dx du 1 -2
u’—=1or —=3u*or —=Zyx 3
3u’ ((j_u =1 . dx du . x o Bl
X or 3u’du =dx o.e.
+ 2
Expression of the form J}L{du},
1 3u 4u° +5u
= - 3u*du <= | -——du k=0 | M1
4u” +5u 4u® +5 . . .
Does not have to include integral sign or du
Can be implied by later working
3 dependent on the previous M mark
=In(4u® +5){+ c : dM1
8 ( AL +AIn(4u® +5); A is a constant; 1 #0
2
- gln£4x3 + SJ {+c} Correct answer in x with or without+ ¢ | A1
[4]
14
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Question 3 Notes

3. (iii) | Alternative method 1 for part (iii)
Alt 1 Attempts to multiply numerator and M1
denominator by X
dx; = X dx E i thoc?
1 Z xpression of the form dx, k=0
4X +5x* 4x° +5 4%: +5 M1
Does not have to include integral sign or du
Can be implied by later working
_ §In 4x2 +5 | {+ ¢} +2In(4x +5),- A |s-a constz-;mt, A#0
8 Correct answer in x with or without+ ¢ | A1
[4]
3. ()@ M1 | Writes down a correct identity (although this can be implied) and attempts to find the value of
at least one of either A or B or C. This can be achieved by either substituting values into their
identity or comparing coefficients.
Note | The correct partial fraction from no working scores BIB1IM1A1
. 0 1
. At least 2 of either + — +DIn(2x+1) or £ DIn(x+1) or * —>+E(2x+1
e | ML @+ (@x+1) (crd) o 2 e EEe
or
R .
+ — * FIn(x + 3) for their constants P, Q, R.
(x+3)
Alft | At least two terms from any of + or LZ or + correctly integrated.
(2x+1) (2x+1) (x+3)
Note | Can be un-simplified for the A1ft mark.
6(2x+1)™ o N
Al | Correct answer of (- )In(2 +1) + (( xl)(2; +In(x+3) {+ c} simplified or un-simplified.
with or without ‘+ C’.
. . X+3 3
Allow final Al for equivalent answers, e.g. In - {+c}or
2x+1) 2x+1
Note 46 3
In[ 2£F j— {+c}
2x+1) 2x+1
Beware that = —In(x+41) {+ c} is correct integration
Note j(z Tl P LRI g
Note | E.g. Allow M1 Alft Al for a correct un-simplified In(x+3)—In(x+1) =3 (x+3)™ {+ c}
Note | Condone 1% Alft for poor bracketing, but do not allow poor bracketing for the final Al
E.g. Give final A0 for —In2x+1—3(2x+1)" + Inx+3{+ c} unless recovered
(i) Note | Give B1 for an un-simplified e* + 2™ +e** +2e* +e* +1
M1 | At least 3 of either ae* — %e3" or be* — ge“ or de* — de*or u—ux;a, fB,0, u#0
Note | Give Al for an un-simplified 3e e+ ;e +2e* +e* + x, with or without +c¢
(iii) Note | 1%t M1 can be implied by J‘ thu {du} k = 0. Does not have to include integral sign or du
4u® +
. +1
Note | Condone 1%t M1 for expressions of the form ( — j{du} k=0
4u® +5u U
Note | Give 2" MO for :—uln(4u2 +5) {+ c} (u’s not cancelled) unless recovered in later working
u
Not E.g. Give 2™ MO for integration leading to %u In(4u® +5) as this is not in the form
ote

+AIn(4u® +5)

MSB - Page 3
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Note | Condone 2" M1 for poor bracketing, but do not allow poor bracketing for the final Al
2

E.g. Give final A0 for gln 4x3 + 5 {+c}unless recovered

Question

Number Scheme Notes Marks
3. (ll) X 3 . _ X d_U_ X
Alt 1 j(e +1)°dx; u=e +1:dx_e
u’ ) 1 ) 1 .
= du = u“+u+1+— |du u°+u+1+— [{du} where u=e*+1 | B1
(u-1 u-1 u-1
1 L At least 3 of either o’ —>%u3 or Bu LB
=§u3+5u2+u+ln(u ~D{+c} 3 M1
or § - dou or —1—>/1In(u—1); a, f,0,1#0
u_

=%(eX +1)° Jr%(eX +1)? +(* +) +Ine* +1-1) {+c}

%(e*+1)3+%(ex+1)2+(ex+1)+x
1 X 3 1 X 2 X
1 L1 ) oré(e +1) +E(e +1)°+e* +X
== "+’ +=(e" +1 e +1 C N N . . Al
3( = +2( T E ) x{rer simplified or un-simplified with or without
+cC
Note: In(e* +1-1) needs to
be simplified to x for this mark
[3]
3- (”) X 3 . _ X d_u_ X
Alt 2 J.(e +1)°dx; u=e :>dx_e
3
{: I%du =} J‘[u2+3u +3+%) du J‘(u2 +3u +3+£){du} where u =ge* Bl
u
: 2 a3 B
1 3 At least 3 of either awu —>§u or Bu—>§u
=§u3+§u2+3u+lnu{+c} 1 M1
or 5—>duor ——Alnu;a, 8,6, #0
u
1 3 %e?:x +§EZX +3ex+x,
_ T a3 ~ a2x X
- 3e + 2e +3e" +x{+c} simplified or un-simplified with or without + ¢ Al
Note: In(e*) needs to be simplified to x for this mark
3]

MSB - Page 4
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VA Diagram not
drawn to scale

T
4

/
2

Figure 3

(a) Find J‘ xcos4xdx
3

Figure 3 shows part of the curve with equation y = Jxsin 2x, x>0

The finite region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and the

: ) ) T
line with equation x = 1

The region R is rotated through 2n radians about the x-axis to form a solid of revolution.

(b) Find the exact value of the volume of this solid of revolution, giving your answer in
its simplest form.
(Solutions based entirely on graphical or numerical methods are not acceptable.)

(6)

Leave )
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QeI Scheme Notes Marks
Number

8. (a) . . : :
IXCOS4XdX +axsin4x+ S | sin4x {dx}, with or without M1
:%xsin4x—j%sin4x {dx} dxia, f#0
1 . 1. . .
szm 4x—J-Zsm 4x {dx}, with or without dx AL
Can be simplified or un-simplified
1 . 1 . .
_ %xsin4x+%cos4x o szm4x+Ecos4x 0.e. with or without +c Al
Can be simplified or un-simplified
Note: You can ignore subsequent working following on from a correct solution [3]
b : (xsin2x) {ox}
Vs xsin2x) {dx
W(a3)/ L v ;z'[ (Vxsin2x) {dx} B1
0 Ignore limits and dx. Can be implied
- For writing down a correct equation linking
Xsin 2xdx = sin?2x and cos4x (e.g. cos4x =1-2sin’ 2x)
1— cosdx and some attempt at applying this equation (or a manipulation | M1
jX(Tj {dx} of this equation which can be incorrect) to their integral
Can be implied.
Simplifies j xsin? 2x {dx} to J‘x(#j o | AL
Integrates to give
{j(lx_lxcos4xjdx} +AX’ + Bxsin4x £ Ccos4x; A,B, C #0
2 2 which can be simplified or un-simplified. | M1
1, 1(1 . 1 Note: Allow one transcription error
=205 sz'n4X+EC°S4X {+c} (on sin4x or cos4x) in the copying of
their answer from part (a) to part (b)
7 , z
4(\/;sin 2x) dx = F X2 —lxsin 4x—icos4x}4
Jo 4 8 32 0
2 dependent on the
= l(fj —l(z)sin 4(£j —iCOS 4[£j - (O—O—icosoj previous M mark | dM1
4\ 4 8\ 4 4 32 4 32 see notes
7 1 1 7 1
64 32 32) 64 16
2 2
So,V=r ”—+i oriﬂ3+i7r or£”—+1 0.e twoterm | g 66
64 16 64 16 2132 8 exact answer
[6]
9

Question 8 Notes

SC

Special Case for the 2" M and 3™ M mark for those who use their answer from part (a)

You can apply the 2@ M and 3" M marks for integration of the form
+AX? % (their answer to part (a))
where their answer to part (a) is in the form

+Bxsinkx £ Ccos px to give +Ax* + Bxsinkx + C cos px
+Bxsinkx+ Csin px to give £Ax? + Bxsinkx = Csin px

+Bxcoskx £ Csin px to give +Ax? + Bxcoskx + Csin px
+Bxcoskx + C cos pxto give £Ax* + Bxcoskx + C cos px

k,p=0, k,pcanbe 1

MSB - Page 6
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Question Scheme Notes Marks
Number

Vg 2
8.(b 1 2 V4 ﬁsin 2x) {dx
Wa(y)z V=) n'[4(\ﬁsin2x) {dx} ,[( J 403 | gy
0 Ignore limits and dx. Can be implied
For writing down a correct equation linking
-2 _1_ =2
IxsinZZde _ sin®2x and cos4x (e.g. _cos4>_<_1 2§|n 2X)
and some attempt at applying this equation (or a | p11
1— cos4x manipulation of this equation which can be incorrect) to their
Ix(—j {dx} integral.
Can be implied
Simplifies stinz 2x {dx} to jx(%} {dx}
Note: This mark can be implied for stating | Al
u=x and dv =M r u=lx and dv =1-cos4x
dx 2 2 dx
=X 1x—lsin4x - 1x—lsin4x dx
2 8 2 8
Integrates to give
2 : . M1
_ x(lx—lsimxj ~ (lxz +icos4xj{+c} +AX? + Bxsm4_xJ_rCcos4x, A B C_fO Bion
2 8 4 32 or an expression that can be simplified | epen)
to this form
* (ﬁsin 2x)2 dx = F X2 1 Xsin4x —icos4x}4
Jo 4 8 32 0
2 dependent on the
= l(fj —l(stin{{ZD—icos({zDJ - (0—0—i0050) previous M mark | dM1
4\ 4 8\ 4 4 32 4 32 see notes
72 1 1 7 1
64 32 32) 64 16
So,V=r ”—2+i Ol'iﬂ'3+iﬂ' or£7[—2+1 0.e Alo.e
’ 64 16 64 16 2(32 8) -
[6]
Question 8 Notes Continued
8. (a) SC | Give Special Case M1AOAO for writing down the correct “by parts” formula and using
u=x, i =c0s4x, but making only one error in the application of the correct formula
X
H H 2 2 H 2 2 a2
(o) Note | You can imply B1 for seeing ﬂjy {dx}, followed by y =(\/§sm 2x) or y° =xsin® 2x
Note | IT the form cosdx= cos® 2x —sin® 2x or cos4x =2cos’ 2x —1 is used, the 1%t M cannot be
gained
until cos® 2x has been replaced by cos® 2x =1—sin® 2xand the result is applied to their integral
Note | Mixing x's ande.g. 8's:
Condone cos48 =1-2sin® 20, sin? zezw or Asin?20 = ){wj
if recovered in their integration
F'{;wal Complete method of applying limits of % and 0 to all terms of an expression of the form
+AX® + Bxsin4x+Ccos4x; A B, C =0 and subtracting the correct way round.
Note | For the final M1 mark in Way 1, allow one transcription error (on sin4x or cos4x) in the
copying of their answer from part (a) to part (b)

MSB - Page 7
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Question 8 Notes Continued

Evidence of a proper consideration of the limit of 0 on cos4x where applicable is needed for

8. (b) Note the
final M mark
E.g. sz—lxsin4x—icos4x}4 =
4 8 32 0
2
e = l(fj —l(zjsin 4(£j —icos 4(£j +i is final M1
4\ 4 8\ 4 4 32 4 32
2
. l[fj _l(zjsin 4(zj _ L cos 4(zj — 0 is final MO
4\ 4 8\ 4 4 32 4
2
. 1[£j _l(fjsin 4(§j ~ L s 4[£j _ L s final MO (adding)
4\ 4 8\ 4 4 32 4 32
2
. l(fj —l(zjsin 4(£j —icos 4(Zj - [ij is final M1 (condone)
4\ 4 8\ 4 4 32 4 32
1 1( 7). T T -
. —(—j ——(—jsm 4(—) ——C0sS 4(—) —(0+0+0) is final MO
4\ 4 8\ 4 4 4
8. (b) Note | Alternative Method:
u =sin’ 2x ﬂ=x u=x? y:sin4x
dx
d_uzzsin4x V=—=—C0S4X
dx
xsin? 2xdx

:%XZSiHZZX j X2 (2sin4x)dx
:%xzsin22x Jx sin4xdx

—Exzcos4x 2x.(—1cos4xjdx

4 4
=lx25in22x [ L
2

sz COS4x+= J‘xcos4xdx}

2sin% 2x —

1
==X
2

:lxzsin22x+lx2cos4x—1 X Cos 4xdx
2 4 2

_ L esinzox + 2w cosax— L[ Lxsinax+ L cosax {+c}
2 4 2\ 4 16

=lxzsin22x +%x

z 2 2
V=r 4(astian)zdx_ ”—+i or i”s +i7r o ~ ”—+1 0.e.
. 64 16) 64 16 2032 " 8

2 cos4x—£xsin 4x—3—12cos4x {+c}

MSB - Page 8
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Figure 1
. . . 6
Figure 1 shows a sketch of part of the curve with equation y = W , xeR
e+

The finite region R, shown shaded in Figure 1, is bounded by the curve, the y-axis,
the x-axis and the line with equation x = 1
6

The table below shows corresponding values of x and y for y = ()‘TZ)
e

X 0 0.2 0.4 0.6 0.8 1

y 2 1.71830 1.56981 1.41994 1.27165

(a) Complete the table above by giving the missing value of y to 5 decimal places.

0y

S
S
A
o
5
o

(b) Use the trapezium rule, with all the values of y in the completed table, to find an
estimate for the area of R, giving your answer to 4 decimal places.

s
s

o

S
5

(€))

LERS
SR
s

g

%

(c) Use the substitution u = e* to show that the area of R can be given by

b
deu
L u(u+2)

where a and b are constants to be determined.

R
i

ey
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(d) Hence use calculus to find the exact area of R.
[Solutions based entirely on graphical or numerical methods are not acceptable.]
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Scheme Notes

bbbb
Marks

3.

x| 0 | 0.2 | 04 | 06 | 08 | 1|y=
yl 2 | 1.8625426.. | 1.71830 | 1.56981 | 1.41994 | 1.27165 |

6
(2+¢€)

(a)

{At x=0.2,} y = 1.86254 (5 dp)

1.86254

Bl cao

Note: Look for this value on the given table or in their working.

[1]

(b)

%(0.2)[2+1.27165+ 2(their 1.86254 + 1.71830 + 1.56981 + 1.41994)] or Lo 1,1
10 25

Outside brackets %x (0.2)

1

Blo.e.

For structure of [ ....... ]

M1

{: %(16.41283) } =1.641283 =1.6413 (4 dp)

anything that rounds to 1.6413

Al

[3]

(©)

{u:e" orx:InuD}

6 6

du du dx 1 e = 0
(" +2) (u+ 2)u

\
—=e'Oor—=yor —== or du=udxetc.,and0
dx x du u

du See
notes

B1*

{x=0} P a=e"P a=1 a=land b=e or b=¢!
{x=1} b b=e'b b=e or evidence of 0—>1 and 1—e

Bl

NOTE: 1% B1 mark CANNOT be recovered for work in part (d)
NOTE: 2" B1 mark CAN be recovered for work in part (d)

(2]

(d)
Way 1

6 o4 B Writing _6 o4 + B 0.e.0r ! o

u(u +2) ;+(u+2) u+2) u  (u+2)’ u(u + 2)

P, 0

u (u+2)’

P 6° A(u+2)+ Bu 0.e., and a complete method_for finding the value o_f at least one of
their A or their B (or their P or their Q)

M1

u=0b 4=3 Both their 4 =3 and their B = -3. (Or their P =

% and their

u=-2b B=-3 O = -+ with the factor of 6 in front of the integral sign)

Al

u(u + 2) v u (u+2)

u uzx

J‘ 6 (3 3 ) Integrates M,
du=1]|— J du
(i.e. a two term partial fraction) to

=3Inu -3In(u+2)

+ IIn(au) or =min(b(uxk)); 1,

, M,N,k?*0;

obtain either
ma,b10

M1

- Integration of both terms is correctly followed through
= - +
or =3In2u = 3in(2u +4) from their M and from their N.

Al ft

{So [3Inu - 3In(u+2) |, } depen(fntlpn ':_he
pplies lim

[Note: A proper consideration of the or applies limits of 1 and 0 in x and

2" M mark
itsofeand 1

= (3In(e) -3In(e + 2)) - (3Inl —3In3) (or their b and their a, where 56>0,511,a>0) inu

subtracts the

limit of u =1 is required for this mark] correct way round.

dMm1

= 3-3In(e+2) +3In3 or 3(1-In(e+2)+1In3) or 3+3In(%)
e+

or 3'”(LJ -3|n[£j or 3—3In(£j or 3In(i] or In( 27¢° )
e+2 3 3 e+2 (27

see notes

Al cso

Note: Allow e’ in place of e for the final A1 mark.

[6]

Note: Give final A0 for 3-3Ine+2 + 3In3 (i.e. bracketing error) unless recovered.

Note: Give final A0 for 3-3In(e+2) + 3In3 - 3In1, where 3In1 has not been simplified to 0

Note: Give final A0 for 3Ine - 3In(e+2) + 3In3, where 3Ine has not been simplifi

edto 3

12
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3. (b) Note | M1: Do not allow an extra y-value or a repeated y value in their [...]
Do not allow an omission of a y-ordinate in their [...] for M1 unless they give the correct answer of
awrt 1.6413, in which case both M1 and Al can be scored.
Note | Al: Working must be seen to demonstrate the use of the trapezium rule.
(Actual area is 1.64150274...)
Note | Full marks can be gained in part (b) for awrt 1.6413 even if BO is given in part (a)
Note | Award BIM1AL1 for
%(2+1.27165) + %(their 1.86254 +1.71830 + 1.56981 + 1.41994) = awrt 1.6413
Bracketing mistakes: Unless the final answer implies that the calculation has been done correctly
Award B1MOAO for %(0.2) + 2 + 2(their 1.86254 +1.71830 + 1.56981 + 1.41994) + 1.27165 (=16.51283)
Award B1MOAO for %(0.2)(2 +1.27165) + 2(their 1.86254 + 1.71830 + 1.56981 + 1.41994) (=13.468345)
Award B1MOAO for %(0.2)(2) + 2(their 1.86254 +1.71830 + 1.56981 + 1.41994) + 1.27165 (=14.61283)
Alternative method: Adding individual trapezia
{2+"1.86254" "1.86254"+1.71830 1.71830+1.56981 1.56981+1.41994 1.41994+1.27165}
Area = 0.2 x + + + +
2 2 2 2 2
= 1.641283
B1 0.2 and a divisor of 2 on all terms inside brackets
M1 | First and last ordinates once and two of the middle ordinates inside brackets ignoring the 2
Al anything that rounds to 1.6413
3.(c) 1stB1 | Must start from either
. Oy dx, with integral sign and dx
§—O dx, with integral sign and dx
Oe+™ gratsig
(\) 6 d—xdu, with integral sign and d—xdu
(e* +2) du du
and state either du =e'or du =y or dx -1 or du=udx
x dx du u
and end at (\) 0 du, with integral sign and du, with no incorrect working.
u(u + 2)
Not So, just writing d—u =¢* and \ dr = [ 6 du is sufficient for 15 B1
ote | =% dx 0e+2“ 0uwro
Note | Give 2™ B0 for b =2.718..., without reference to a=1and b=e or b=¢'
Note | You can also give the 1% B1 mark for using a reverse process. i.e.
Proceeding from 0 du to 0 6 dx, with no incorrect working,
u(u + 2) (e"+2)
and stating either du =e'or du =y or dx -1 or du=udx
dx dx du u
3. (d) Note | Give final A0 for 3-3In(e+2) + 3In3simplifying to 1-In(e+2) + In3
(i.e. dividing their correct final answer by 3)
Otherwise, you can ignore incorrect working (isw) following on from a correct exact value.
Note | A decimal answer of 1.641502724... (without a correct exact answer) is final A0
Note [—3In(u +2) +3In u]j followed by awrt 1.64 (without a correct exact answer) is final M1AOQ
MSB - Page 11




Summer 2017 www.mystudybro.com Mathematics C4
Past Paper (Mark Scheme) This resource was created and owned by Pearson Edexcel 6666

Question 3 Notes Continued

3.(d) Note | BE CAREFUL! Candidates will assign their own “A” and “B” for this question.

+ E with at least one of A or B correct is 1%t M1

Writing down in the form
Note J (u+2u u+2) u
.. -3 3.
Writing down as +—is1**M1 1% Al
Note J (u+ 2u u+2) u
(3 3 ) : . )
Note | Condone ||~ - du to give 3Inu - 3Inu+2 (poor bracketing) for 2" AL.
Lu (u+2) J

Note | Award MOAOMZ1ALft for a candidate who writes down

e.g. J'Ldu = J‘(§+ 6 jdu = 6Inu + 6In(u+2)
u(u + 2) u (wm+2)

6
u(u +

AS EVIDENCE OF WRITING AS PARTIAL FRACTIONS.

Note | Award MOAOMOAO for a candidate who writes down
\ 6
0 u(u + 2)

du = 6lnu +6In(u+2) or (‘) du = Inu+6In(u+2)

u(u + 2)

WITHOUT ANY EVIDENCE OF WRITING

as partial fractions.
u(u + 2

Note | Award M1A1M21A1 for a candidate who writes down

(‘) ® i = 3Inu - 3In(u+2)
u(u + 2)

WITHOUT ANY EVIDENCE OF WRITING as partial fractions.

u(u +

du we can allow a maximum of M1IAOM1A1ftM1AQ

e
Note | If they lose the “6” and find 0 (s
1 u(u
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Question 3 Notes Continued

3.(d) 6 q 3(2u + 2) 6u
u= | =5—= du
Way 2 {J-u2+2u u?+2u u®+2u

ta(2u+2)
du d 6=0
J‘3(2u+2) N oy du} Ou {a}, @ p. M1
u+2u u+2 -
Correct expression | Al
Integrates iMZ(ZMJrZ) + N , M, N, k0, to obtain
u-+2u uxtk M1
2 .
—3In(u® + 2u) - 6In(u +2) any one of + FIn(u” +2u) or xmin(b(u £ k));
I, mbr0
Integration of both terms is correctly followed through from A1 ft
their M and from their N

dependent on the 2" M mark
{So, [3In(u2 +2u) - 6In(u + 2)]e } Applies limits of e and 1
1 (or their b and their a, where

b>0,b21,a>0)inu | IM1

= (3In(e2 +2e)-6In(e+ 2)) - (3In3— 6In3) or applies limits of 1 and 0 in x and
subtracts the correct way round.
= 3In(e’ +2e) -6In(e+2) +3In3 3In(e® +2e)—6In(e+2) +3In3 | Aloe.
[6]
3. (d) Applyingu=¢g-1
Way 3 e 6 1+e 6 1+e -1
du = ——df = du =|3In
“ 0u+2) } I @D +1) j 7 - [ (e+1ﬂ2 MIAIMIAL
- - rd H
_ 3|n[1+e 1] _ 3"{2_1} _ 3|n[ij ) 3In[% 3" M mark is gdependent dM1AL
e+1+1 2+1 e+2 3 on 2" M mark
| [6]
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5.
yA

Diagram not
drawn to scale
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Figure 2

The finite region S, shown shaded in Figure 2, is bounded by the y-axis, the x-axis,
the line with equation x = In4 and the curve with equation

y=e*+2*, x>0
The region S is rotated through 27z radians about the x-axis.

Use integration to find the exact value of the volume of the solid generated.
Give your answer in its simplest form.

[Solutions based entirely on graphical or numerical methods are not acceptable.]
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Question
Number Scheme Notes Marks
5. y=e"+27, x30
Way 1 In4 2
2 For e +2e7"
{V =}p(\) (e" + 2e‘*) dx ”I( ) B1
0 Ignore limits and dx. Can be implied.
In Expands (ex + 2e"‘)2 — +ae” £ pe® + d where
— 2x —2X
= {”}L (e +4e + 4)dx a, 8,8 #0. Ignore 7, integral sign, limits and dx. M1
This can be implied by later work.
. . a
Integrates at least one of either +age®'to give +—e*
g g 2 M1 ™
” or +pe*to give ige‘z" a,b1o
1 n
= {p}{ae“ -2+ 4x} dependent on the 2" M mark J
’ e +4e > %ezx -2, | Al
which can be simplified or un-simplified
4 — 4x or 4e°x | Blcao
dependent on the previous
method mark. Some evidence of
((1 1 \ applying limits of In40.e. and 0 %
= {p}k[—ez('”“’ - 270" 4 4(In4)j - (—e" - 2%+ 4(0)] J to a changed function in x and | dM1
2 2 subtracts the correct way round.
Note: A proper consideration of
the limit of O is required.
- [o-Leama)-(1-2))
8 2
= %p +4pin4d or %p +8plIn2 or 7[(% + 4In4j or 7{% + 8In2)
75 75 (o B0 1 Alisw
or —p+In2% or —p+pIn256 or Inj 2%es” | or =p(75+32In4 , etc
2P Ll | J 8p( )
[7]
7
Question 5 Notes
5. Note | = isonly required for the 1 B1 mark and the final A1 mark.
\ \ 2
Note | Give 1% BO for writing P() y*dx followed by 2p0(e" + 2e‘“‘) dx
2
Note | Give 1%t M1 for (e'“ + 2e"‘) — ¥ + 47 + 2" + 2¢° because o = 2e° + 2¢°
Note | A decimal answer of 46.8731... or p(14.9201...) (without a correct exact answer) is AQ
In4
Note pBe“ -2+ 4x} followed by awrt 46.9 (without a correct exact answer) is final AM1AQ
0
Note | Allow exact equivalents which should be in the form ap + bplnc or p(a + binc),
where a = n or 9§ or 9.375. Do notallow a = 150 or 9E
8 8 16 16
Note | Give BIMOM1A1BOM1AO for the common response
In4 In4 In4
pJ‘ (e* + 2e‘*’)2dx —>p_[ (ez" + 4e‘2“)dx = p[%ez" - 2e‘2‘} = %p
0 0 0
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Sﬂfg?f{ Scheme Notes Marks
5. y=e"+2™", x30
Way 2 In4 2
For et +2e"
{r =}p0 (e +2¢) dx 7| (e r2e”) | gy
0 Ignore limits and dx. Can be implied.
u=¢e" p g—u:e":u and x=In4 P u=4,x=0 b u=e"=1
X
4 2 4
2) 1 4 1
V= +2| Zdu = 2+—+4]—d
o (5+2) 2au =} s &) e
2 3 1
(e'“ + 26”) —> rautbu” *du
:{p}J- [u+_3+—j u where u=¢",a, 8,5 #0. | M1
1 w.u Ignore 7, integral sign, limits and du .
This can be implied by later work.
Integrates at least one of either *&auto give i-%uz M1 N
or +buto give igu‘z a,b10,where y=¢"
4
= {p}[luz _ 32+ 4Inu} dependent on the 2" M mark J
2 u
! u+dud— %uz - 2u?, Al
simplified or un-simplified, where y = e*
4y — Alnu, where y = e* | B1 cao
dependent on the previous method
mark. Some evidence of applying
2 2 limits of 4 and 1 to a changed J
{p}k S@ 4|n4J Lg(l) 2 4|n1U functioninu [or In4o0.e. and 0 to an M1
integrated function in x] and subtracts
the correct way round.
={x} (8—1+ 4In4j —(1 - 2)
8 2
= %p +4plind or %p +8plIn2 or 7[(% + 4In4j or 7{% + 8In2)
75 75 (5 1 AL Tsw
or Zp+In2% or —p+pIn256 or Inj 2%es” | or =p(75+ 32In4), etc
=P SP*p (27 1 )
| [7]
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Figure 4

Figure 4 shows a sketch of part of the curve C with parametric equations

T
x=30sinf, y=sec’d, 0<L6O< Py

The point P(k, 8) lies on C, where £ is a constant.

(a) Find the exact value of k.
(2)

The finite region R, shown shaded in Figure 4, is bounded by the curve C, the y-axis,
the x-axis and the line with equation x = £.
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(b) Show that the area of R can be expressed in the form

5

RO
s

?353

B
iJ. (0 sec’ @ + tanOsec’ H)dG

S
5

LERS
SR
s

g

%

where 4, o and S are constants to be determined.
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(c¢) Hence use integration to find the exact value of the area of R.

<

o

X
K
'/
>.‘
el

O
ON
L ..0..

%< <]
Ko 1L %E
,"0'0;:

(6)

28



SNeq4 =2

m%ﬁr 2017 Www.mystudybro.com Mathematics C4
AciRBEE" (Mark Scheme) This resoup68&i@E created and owned by Pearspn Edexcel ~ Notes epedarks
8. x =3gsing, y=sec’q, O£q<§
(a) {When y=8,}8=sec36':>cos36?=%:cosezé:>6'=% Sets y=8 to find @
and attempts to substitute their 6 | M1
k (or x) = 3[%)sin[%] into x = 3gsing
3
so k (or x) = & \/—’0 P Al
2 2 "%
Note: Obtaining two value for k without accepting the correct value is final A0 [2]
dx . 30sin@ — 3sin@ + 30cosé
— =3sind + 30cosH o .
(b) do SING A S0C0s Can be implied by later working Bl
. . dx
. Applies (+ K sec® (th _j
{ yj—x{dq}}zj‘(sec3q)(35lnq+ 3qcosq){dq} PP ( 5e¢ q) o dg/) | M1
q Ignore integral sign and dg; K * 0
. Achieves the correct result no errors in their working, e.g.
= 30qsec2q +tangsec’ g dg bracketing or manipulation errors. | A1 *
Must have integral sign and dé in their final answer.
x=0and x=k = =0 and ﬂz% a=0and ,B:z or evidence of 0—0 and k—>% B1
Note: The work for the final B1 mark must be seen in part (b) only. [4]
gsec’q — Agy(g) - B[ 9(g), 4>0, B>0,
where g(q)is a trigonometric functionin ¢ and | M1
= their jsec’gdg. [Note: g(g) * sec’q]
©) { \ } _ \ g(g) = their ysec’gdg. [ 9(q q
sec°qdg ¢ = gtang - gtangyd
Way 1 09seC 999 p = gtang=g q{ q} dependent on the previous M mark
Either [gsec’q — Agtang - BItanq, A4>0,B>0 | ym1
or gsec’qg — gtang- J'tanq
= gtang - In(secq) gsec’ g — gtang - In(secq) or gtang+ In(cosg) or
or = gtang+In(cosq) Igsec’ g — Igtang - In(secq) or Igtang+ fIn(cosq) | Al
Note: Condone gsec’q — gtang-In(secx) or gtang+In(cosx) for Al
. ; tan@sec’ O or [tangsec’q — +Ctan’q or +Csec’q M1
{Otanqsec qdq} or + Cu™, where u = cosq
— 1 2 2 2 1 2 1 2 1 2 1 2
= —tan“g or —sec“q tangsec®q — —tan“g or —sec“q or >—Or tan“qg - —sec’q
2 2 2 2 s°q 2
or iz where u = cosg or 0.5u°2, where u = cosq or 0.5u%, where u = tang AL
2u 2 Ao 2 A cap2 A
1 or Atan@sec”d — —tan“6 or —sec” 0 or ———
or —u® where u =tang 2 2 2cos® 0
2 or 0.54u%, where u =cosq or 0.5/u?, where u = tang
P 4
{Area(R)}:{ 3gtang - 3In(secq)+—tan q} or {3c7tamq—3ln(secc7)+§sec2 qT
0 0
=£ «/_ 3In2+= (3)j (0) o (sgjﬁ—slnuz(@j—@]
— 9 1 9 1 9.3 Al
= — - et - — —1 L a3tV
2+\/§,0 3In2 or 2+\/§p+3|n[2j or 2+ 37-1In8 or |n[8e ] oe.
[6]
12
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Question
Number Scheme Notes Marks
8. (c) Way 2 for the first 5 marks: Applying integration by parts on (‘)(q + tang)sec’ gdg
Way 2 du
u=g+tang = — = 1+sec’q
(‘)(qseczq +tangsec’q)dg = (‘)(q + tang)sec? gdg, dg
VY =sec?qg = v=tang=g(q)
dg
h(g) and g(g)are trigonometric functions in gand g(g) = their (‘)sec2 gdg. [Note: g(g) * sec’q]
A(g +tang)9(g) - By (1 + h(g)9(g), 4>0,B>0 | M1
dependent on the previous M mark
H 2
= (g + tang)tang _0(1+ sec? q)tanq{dq} Either I[(q + tang)sec q] -
A(g + tang)tang - By (L + h(g))tang, A2 0, B>0 | dM1
or (g +tang)tang - (‘) (1+ h(g))tang
= (g + tang)tanqg - (‘) (tang + tangsec® q){dq}
| . 2 lg (g + tang)tang -In(secq) o.e.
= (g + tang)tang - In(secq) - ptangsec
(g + tang)tang - In(secq) - ( tang ¢{dq} or I[ (g +tang)tang -In(secq) | o.e. Al
. tangsec’q — +Ctan’q or +Csec’q | M1
= (g + tang)tang - In(secq) - =tan’q 1,
2 (q+tanq)tanq-§tan q
or = (g + tang)tang -In(secq) - Eseczq etc. 1, Al
2 or (g +tang)tang - Esec q
Note | Allow the first two marks in part (c) for gtang - (‘)tanq embedded in their working
Note | Allow the first three marks in part (c) for gtang - In(secq) embedded in their working
Note | Allow 3 M1 2" A1 marks for either tan?q - %tanzq or tan’q - %seczq
embedded in their working
Question 8 Notes
8. (a) Note | Allow M1 for an answer of k& =awrt 2.72 without reference to @ or 3—5_
243
Note | Allow M1 for an answer of & = 3(arccos(%))sin(arccos(%)) without reference to @ or 3—5_
243
Note | E.g. allow M1 for g = 60°, leading to k = 3(60)sin(60) or k = 90+/3
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8. (b) Note | Togain Al, dg does not need to appear until they obtain 30(qseczq +tangsec’q)dg
Note | For M1, their :—x where their :—x 1 3gsing, needs to be a trigonometric function in g
q q
Note | Writing (‘)(sec3q)(33inq +3gcosq) = 3(‘)(qsec2q+tanqsec2 g)dgq is sufficient for BIM1A1
Note | Writing 3—2 =3sin@ + 30cos @ followed by writing (\)y;i_x dg = 30 (gsec® g +tangsec’q)dg
q

is sufficient for BLIM1A1

Note | The final A mark would be lost for (‘) —3sing + 3gcosq = 3(‘)(qseczq +tangsec’q)dg
cos’q

[lack of brackets in this particular case].

Note | Give 2" B0 for =0 and & = 60°, without reference to & = %
(©) Note | A decimal answer of 7.861956551... (without a correct exact answer) is A0.
Note | First three marks are for integrating #sec® @ with respect to 6
Note | Fourth and fifth marks are for integrating tan &sec® @ with respect to &
Note | Candidates are not penalised for writing In‘secq‘ as either In(secq)or Insecg
Note gsec’ g — gtang +In(secq) WITH NO INTERMEDIATE WORKING is MOMOAO
Note | gsec’q— gtang-In(cosg) WITH NO INTERMEDIATE WORKING is MOMOAO
Note | gsec’q— gtang - In(secqg) WITH NO INTERMEDIATE WORKING is MIM1A1
Note | gsec’q— gtang+In(cosg) WITH NO INTERMEDIATE WORKING is MIM1A1
Note | Writing a correct uv - (\)vd—u with u =g, v =tang, du =1 and v = their g(g) and making
dx dg dg
one error in the direct application of this formula is 1% M1 only.
8.(c) | Alternative method for finding (‘)tan gsec’ gdg
du )
u =tang = —=secq
dg

dv )
—=sec’q = v=tang
dg

(tangsec’ gdg = tan’q - (tangsec’ gdg
P 2)tangsec’*qdg = tan’q

( tangsec?

tangsec’d or — +Ctan’q | M1

1
dg= =tan’
789 = e tanqseczqa%tanzq Al

u=S_s
or

ec :>d—u:sec tan
q dg guang

secgtang = v =secq

P (tangs

P 2)tangsec’qdg = sec’q

ec’gdg = sec®q - (jsec’ gtangdg

(tangsec?

tan@sec’d or — +Csec’q | M1

gdg= %seczq

tangsec’ g — %sec2 g | Al
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